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Impulsive Hahn — Sturm — Liouville problems in singular cases are discussed. The existence
of solutions of such equations on the whole axis and in the case of Weyl’s limit-circle has been
investigated. First, we construct the corresponding Green’s function. This boundary-value
problem is thus reduced to a fixed point problem. Later, we demonstrate the existence
and uniqueness of the solutions to this problem by using the traditional Banach fixed
point theorem. Finally, we derive an existence theorem without considering the solution’s
uniqueness. We apply the well-known Schauder fixed point to obtain this result.

Keywords: Hahn difference equations, singular nonlinear problems, boundary-value problems
with impulses.

1. Introduction. The Sturm — Liouville equation is one of the important equations
working in the theory of differential equations. When trying to solve partial differential
equations with the separation method, encountering such equations has increased the
importance of Sturm — Liouville equations. Equations of this kind are studied in a variety
of situations and conditions. One of these conditions is impulsive boundary conditions. In
this case, there are many studies in the literature [1-11].

In 2018, Annaby and colleagues introduced the Hahn — Sturm — Liouville problems
and investigated their basic properties [12]. As it is known, Hahn [13] defined the Hahn
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derivative in 1949. With this definition, it gathered two important operators in the lite-
rature under one roof. These are the g-derivative and the forward difference operators.
Recently in [11], the author obtained a spectral expansion theorem for the impulsive
Hahn — Sturm — Liouville equation.

In this article, the nonlinear Hahn — Sturm — Liouville problem defined on the whole
real axis is discussed under impulsive conditions. The existence of solutions of equations
of this kind in the case of Weyl’s limit-circle is investigated.

2. Preliminaries. To state our conclusions, we need to introduce some notations
[12-15]. Let g € (0,1), wp :=w/(1 —q), w >0, and let ¥ : J C R — R is a function such
that wg € J.

Definition 1 [13, 15]. The Hahn derivative is defined as
W(w+ —w
IO B

U (wo) N = Wp.

Definition 2 [14]. The Hahn integral is defined as

/b\p (1) D g1 := /b‘lf (n) dw,qn/a\ll (1) dw,qn,

a wo wo

where a,b,wy € J and

n o0
1 _ n
Jr@rde =@ -ou-0 > 0w (5 ). ne
wo n=0

provided that the series converges at 7 = a and n = b.
3. Statement of the problem. We shall consider the nonlinear equation:

1
TY == {D_

q Dw,qﬂ(n)} y) =T (my), nel 0

2le

1
’q

here J := J; U Jy; Ji := (—00,d); Jo:=(d,0); d>0; y=1y(n) is a sought solution.

Our work is done in the Hilbert space H = L2(.J;) + L2(Jz), which consists of real-
valued functions and has the inner product

d 00
(1, %) = /T(l)E(l)dw,qn+A/T(2)E(2)dw,qn
—00 d

and norm
d oo
1t1= | [ O dugn+ A [ (O )20,
—00 d
where
TU)(”)) 77€J1a E(l)(n)? 77€le
T(n) = Y(n) =
TQ)(’?% ne J27 2(2)(77)7 ne JQ'
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Set
y€ H:yand D

—w
q

1y are continuous at wy,
q

Doy = y(d+) and D y (d+) exist and finite,

—w
q°

Q=

Y (d+)=1IY (d—) and 7y € H

where Y (1) := < D_Z(lg () ) ; IT is the 2 x 2 real matrices with detII =1/A > 0.

The maximal operator Lyax on Dyax gives Lnaxy = 7y. The w, g-Green formula is
defined as

o

/ [(r) (m)=(n) — y()(72) ()] duray =

—0o0

= [y, 2] (00) = [y, 2] (d+) + [y, 2] (d—=) — [y, 2] (—0) .

In (2) y,2 € Dmax, [y,2] = y(D_%%z) — (D
lim,,, + o[y, 2] (17) exist and are finite.
The following presumptions will be applied:
(H1) let ¢ € (0,1), wo :=w/ (1 —q), w > 0;

(H2) v is a real-valued function that is continuous on (—oo, d) U (d, 00), and has finite
limits v(d=+). The point d is regular;

(H3) Weyl’s limit-circle case holds for 7;
(H4) T : J x R — R is a continuous function, and

(2)

« 1Y)z, and the limits [y, z] (£o0) =
a’4q

1T (n,y)] <X (n)+ K|

3)
for all (n,¢) in J x R, here X (1) > 0, ¥ € L?(J), and & is a positive constant
Denote by
p(l) (77)7 776‘]17 U(l) (n)a ﬁEJl,
P =93 o cm=9

P (77)7 77€J27 g (77)7 TIGJ%
the solutions of equation (1) satisfying

p(l) (w0) = 05 D—%,%p(l) (WO) - ]-7

oM (W) =-1, D_o10W (wg)=0 (4)

and impulsive conditions

where
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Let _ _ _
W .— W, (p(’),cr(l)) (nedy,i=1,2),

here 4 , , ' . ,
Wy (0(1)70(1)) = (P(z)quU(z) - U(Z)Dw,qp(z)) (n)-

An explicit calculation shows that W) = AW®) . For convenience, we denote W :=
WO = AW®. From presumption (H3), we conclude that p,oc € H and p,0 € Dyax.
Thus, for every y € Dax, [U, P]+oo and [y, 0]1co exist and are finite.

Then combining (4), (5), we have formulas

wo

e poe =y () = [ () (72) (1) o,
0l =Dy () = [ 7 0) (r0) () o

oo

[%mwzyw@+/hmwwwm¢wm

o0

y(wo)%-]/U(W)(Ty)(n)dwgn~

wo

[yaa]oo =D w1
q’q

Consider now the following boundary-value problem (BVP):

Ty="(ny), n€J,

[y, p]—oo COS @ + [y, 0] — 0o SiD X = ¢1,

[y Ploc cos B + [y, 0]oc sin f = ¢,

Y (d+) =1IY (d—), (7
where 1,6, a,8 € R,
Y:(Djﬁy»
detIIT=1/A > 0, and
(H5) A :=cosasinff —cosfsina # 0.

Similar problems were studied in [16—-18] without impulsive boundary conditions.
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4. Green’s function corresponds to the problem. Consider the problem
—e1 Dy +o(n)|y(n) =2(n), QeH, 8)

[Y, pl—oo COS @ + [y, 0] — oo sinx = 0,
Y (d4) = 1Y (d—), (9)

[y, ploc cOS B+ [y, 0]oe sin = 0,

here o, S € R and n € J.
Let

© (n) = cosap(n) +sinao (n), =(n) = cos Bp (n) +sin Bo (n). (10)

In (10) W, (©,Z) = A. We see that © and = are solutions of 7y = 0 and ©, = € H.
Furthermore, we have

[@ap]'f] = @(UJO) = —Sil’lOé, [@70]7] = D—%,%@(WO) =Ccosa, 1 S J17 (11)
[Evp]n = E(WO) = _Sinﬂa [E,O’]n = D—%,%E(wo) = COSﬂJl € J17
[0, pl—co = —sina, [0,0]_c = cosa,
[E, ploc = —(1/A)sin B, [E, 0]oo = (1/A) cos B,
P (d+) =119 (d ®(n) := o) 12
(d+) =11 (d—), @(n) := D_..00 ) (12)

U (d4) = I (d—), U(n) = ( Dfla(n) ) (13)

Then Green’s function of (8), (9) is given by
1 OMEE), if —eo<n<E<oo, n#d (£
Al OEEM, if —co<E<n<oo, ntd £+

It is then a simple matter to check that G (n,£) is a Hilbert — Schmidt kernel, i. e.,

G (n,)

[1]

oo o0

/ / G (1,€)? d g1 of < 00, (14)

— o0 —00
since ©, = € H.

Theorem 1. The function

y(n)=(Gm,.),2()), nel,

is the unique solution of (8), (9).
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P roof. By applying the variation of constants approach, we arrive at

k1OW (1) + ka2 () +

+ B2 (1) [0 (1(€) R (©) dugf +
d

+ oM () / =@ (1 (€)) (1 (€)) dugf, 1 € o,
n

where h (§) = ¢¢ +w and k; (i = 1,2,3,4) is arbitrary.
Proof. It follows from (15) that

kiD_w 10W () + kyD_w 1EW (1) +
n
+AD 20 () [ O (h€) (R (€) dut +
d
+ 4D, 100 (1) [Z0 (1) Q) ks m €
n
fo,%y(n) =
ksD_w 10 (n) + kyD_o 123 () +
n
+RD 1= () (60 (h(E) R (1(O) dunt +
d
+RD_ 100 (1) [0 (h(©)2 (1) dust € 2
n
and hence
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+
b
i

e
ASH
&\3

@

e
—~
>
—~
o
2

—~
=
—~
725
=
QL
€
Q
Iy
+

and

k3[0@) o], + ka[EP), 0], +

+ L= 0], [ 0@ (h(£)Q(h(E)) duy +

&\d

Thus, we find
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= —kysina — kysin g~ Lsina / =) (3 (€)) Q (h (€)) o, (16)

— 00

[y,o—]foo = kl [9(1)’0]—00 +k2 [E(l) (77)70} +

—00

d

+ A [e0 o] [EY G20 dust =

— 00

d
= ki cosa + ko cos B + %cosa/E(l) (h(€) Q2 (R (£))duw,q (17)

Then combining (16), (17) and (9), we see that ks = 0.

Likewise, we get

[y, ploc = k3[0P, ploe + ks [EP), plo +

+ BE sl [0 (O (1 () dunt =

d
= —k3(1/A)sina — kg(1/A)sin 8 +

d
A
+ R0/ sins [ 20(€) 2O duy

and
[y, 0)oe = k3[0P, 0]oc + ka[E®), o]0 +

oo

+ BE, ol [0 (€)1 () du =

d

= ks(1/A)cosa+ ko(1/A) cos 5 +
d
A
+ /N cos5 [ 20 (1(€) (©) dut
By (9), we see that k3 = 0.
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Similarly, we deduce that

(d+) Es2) (d+)
Y (d+) = ( D,Z 1y (d+) ) - ( k:4D4%, =@ (d+) >+

q’q

= k¥ (d+) + {A [22 menane) dw,qe} @ (d+)

and

By (9), we find

RO () + {qﬁ JERABILIAS) dw,qg} @ (d+) =
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d
- {m (d-)+ {g [ev e <h<s>>dw,qs} v (d)} .

—0o0

By using (12) and (13), we obtain

® (d-) {qAA / E (7 (€)) 2 (1 (€)) du g€ — kl} =

d

A

— 00

d
=T (d-) {q / OW (1(£) 2 (7 (€)) du g€ — m} :

Hence

and

ie.,
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o / =@ (h(€) Q (h(€)) dugt
d
Since 1) (1)
= 1 d— @ 1 d—
‘ D;’,;E&D ()d—) DZ@@((I) ()d ) ’ =-A#0,

it follows that

A o0
b= %[22 ()R (€) dut
d
and J
k=4 / O (A ()2 (1 (€)) dut.
Thus, we get

4 22@) () / OC) (1 (6)) Q (1 (€)) dugf +

sH

+ 2@ () / =@ (1 (€)) 2 (1 (€)) dugés 1 € Ja.

Theorem 2. The unique solution of the BVP (8), (7) is given by

y(n) =w(n)+(G1,.),20)),
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where o o
w(n) =00 - 3=

P roof. It follows from (11)—(13) that w (n) is a unique solution of 7y = 0 satisfying
(6), (7). By Theorem 2, we conclude that (G (n,.),€(.)) is a unique solution of equation
(8) satisfying (9).
By Theorem 2, the BVP (1), (6), (7) in H is equivalent to the following equation:
y(n) =wmn)+(Gm.),7y(0), (18)

here n € J.
Theorem 3. Assume that presumptions (H1)—(H5) are valid. Furthermore, suppose
there is a number K > 0 such that

d

/ ‘T(l) (n,y(” (77)) - M (mz(” (n)) ’2 dy qn +

— 00

+ A]O‘T(?) (n,y(z) (77)) -1®@ (77,2(2) (n)) ‘2 du gn <
d

d
2
/ ly® () = 21 ()| duw,gn +

< K? =

2
+ A/ ly® () = 22 ()| du,gn
d

= Ky —2||”
for every y,z € H. If
d d 1/2
/ / |G(777§)|2dw,q77dw’q§ +
—o0—00
K <1,

# 8 [ [16 0.0 ot
d d
then the BVP (1), (6), (7) has a unique solution in H.
Proof. Let S: H— H be an operator defined as
(Sy) (n) = w(n) +(G(n,.), T (,y (),
here n € J, and y,w € H. It follows from (18) that y = Sy. For y,z € H, we see that
(Sy) (n) = (S2) (M = (G (1), [Ty () =Tz (O <

<G PTGy () =T (2 ()P <
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2 2
<SK2|G ) lly =27, ned

Hence
Sy — Sz < arfly — 2|,

where
i d 1/2
[ [16000 dundo +

a=K

+ A / G (10,6)] du yndes o€
d d

Since a < 1, we conclude that S is a contraction operator.
Theorem 4. Assume that presumptions (H1)—(H5) are valid. Furthermore, suppose
there exist numbers M, K > 0 such that

d
12 (s ) =10 (20 ()| s +
+ A]O)T(z) (n, y? (77)) - 1@ (777 2 (77)) ’2 du qn <
d

d
2
/ [y () = 21 ()| duw,gn +

<K? = K2y — 2|,
2
4+ A / ly® (1) — 2@ ()2 duv g
d

here y,z € Lyy ={y € H : ||y|| < M} and K may depend on M. If

) o 1/2
2 9 2
/ ‘w(l) (77)‘ dw,q77+A/‘w( )(77)’ d.qn +
e d
o oo 1/2
+ //|G(n7£)|2dw,qndw,q5 X
. 1/2
2
/ [T (&5 (€) = TW (£,2 (€)]" dus & +
X sup - s M 19)

yELMm

4 [0 (6 (©) = 12 (62 (@) dut
d
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and
4 d 1/2

/ / G (1,€)? g o +
K T <1,

oo o0

+A//WM@F%w%ﬁ

dd
then the BVP (1), (6), (7) has a unique solution with

d %)
2 2
/’y(l) (?7)‘ dw,anrA/’y(z) (n)‘ g < M2,
—00 d

Proof. Let y € Ly;. Then we find
1Syl = llw+ (G (n,.), T,y NI <

< lwll +1KG (,), T Gy (N <

d d 1/2
/ / |G<n7§)|2dw,qndw,q5 +
<+ | x
+ A/ |G(77a€)|2dw,q77dw,q€
d d
d 1/2
/ YO (6,40 (€)) = TD (€, 20 (€)) [P dugf +
x sup 4 < M.
yeLm S
+ A / Y@ (£,4® (6)) — T (€,22) (€)) [* du ot
d

Consequently, we see that S : Ly, — Ljy.
P roof. Asin the proof of Theorem 3, we deduce that

Sy = Sz| < ally—=2I, v,z € Lum.

The desired conclusion can be easily obtained from the Banach fixed point theorem.
5. Existence theorem without the uniqueness condition.
Theorem 5. S is a completely continuous operator under conditions (H1)—(H5).
Proof. Let yo € H. Then, we find

|(Sy) () = (Syo) ()]* =

=[G (1) [0y () =L (Coyo DI < NG ()17 x
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d

/ T (5 (©) = TO (£,4 ) ]2 dug€ +

— 00

oo

#8100 (€5 (©) = 12 (.07 ©)] dunt

d

and hence
2
1Sy — Syoll” <

d
/ 10 (€0 (©) = TO (6.5 ) duet +

N
=

(20)

+ Af\r@ (6.0 (©) ~ T (&4 (©))] dune
d

where
d d

K= [ 16008 doandut +

— o0 —00

LA / / G (1, ) 2 duy g7 €.
d d

Proof. Let F be an operator defined as Fy(n) =Y (n,y (n)). By (H4), F is conti-
nuous in H [19]. Then, for any € > 0, we can find a § > 0 such that

d

[ (69 ©) =10 (66" @) dust +

oo
2

+ 419 (602 ©) - 12 (.47 ©)] dut < 15
d

when |ly — yo|| < ¢. It follows from (20) that ||Sy — Syo|| < €, which implies that S is
continuous.
Let Y ={y € H: |ly|| < »}. By (19), for all y € Y, we conclude that

1/2

d
K / YD) (&,y D) (&) dugt +

1Syl < llwll +

+ aK/!T(2) (9@ (©)]” dugt
d
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From (3), we find

d 9]

J O (e @) duse + 4 [ [T (42 )] dont <

o d

d

< [ 5O @ 4wy @) dugt +

— 00

¥ A7 (50 (€ + 5[y (@] dust <
d

<2

\&

(1) 2(5)—1—52 y(1) (€) 2 A g€ +
(0) @+l o]

8

e [ (20 @+ |y 0 o -
d

=2 (I + &2 Iyl*) <2 (ISIP + 22).

Hence, for every y € Y, we get

Il < ol + [2 (1517 +w252)]

For all y € Y, we see that

d
[ sy e+ = S0 )] dean +

+ A/ }(Sy(”) (n+7) — (Sy®) (77)‘2 dyqn =
d

= {[G m+7,-) = G (0, )], T Ly NI <
d d

/ / G+ 7,€) = G (1, ) du g g +

— o0 —00

N

[e. oo o}

+A//IG(nJr%«E)—G(n7£)|2dw,qndw,q£

d d
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d
/ T (€50 (€))7 dugl +

x <
2
+ 8110 (€5 )] dua
d
d d
[ [160+2.:9 =6 0P dugndunt +
<2(llgl® + 1) 8
+ A/ G (n+7,) = G (0,8 dugniles g€
d d
By (14), for any € > 0 and every y € Y, we can find a § > 0 such that
¢ 2
/ ‘Sy(” (n+7) — Sy (77)‘ duv,qn +
7 2
+ A/ ’Sy@) (n+7) — Sy (n)‘ duyqn < €,
d
where v < 4.
Furthermore, for every y € Y, we have
-N 00
@ (| @ (|
‘Sy (n)‘ g + A ‘Sy (n)‘ g <
—00 N

- 2 7 2
< [ e ] dan s 4 [ [0 )] dun +
—00 N

—N (e’
L 2ZI? + w252) / 1G (1, )P gy + A / 1G (1, )2 dgm
) J

From (14), we conclude that for given e > 0 there exists a N > 0, depending only on e
such that N

/ ‘Sy@) (77))2 dur qn + A]O’sy@) (n)f do o < €2,
N

—0o0
for all y € Y, i.e., S is a completely continuous operator.
Theorem 6. Assume that conditions (H1)—(H5) are correct. Additionally, suppose
that there is an integer M > 0 such that

d o 1/2
@ (| @ (|
[ o @[ den+ 8 [ |02 @ duan +
— 50 d
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1/2

d d 00 00
+ //WGW@&%w%@+A//W@meWMW£ x
oo 4 d
J 1/2
/ T (6,50 (€)) = T (€, 20 (€))* dup g +
X sup ¢ T <M,

yEL M

F 4[] (64 (©) = T (62 (©) dut
d

where Lyy = {y € H : |ly|| < M}. Then the BVP (1), (6), (7) has a unique solution with

/ @ (|2 [ @ (| 2
/‘y (77)‘ dw,qn+A/’y (n)‘ du,qn < M=
— 00 d

Proof. Let us examine the operator S as previously defined. By Theorems 4 and
5, we conclude that S : Ly; — Ljs. The result arises from Schauder’s fixed point theorem
since Ly is closed, convex, and bounded.

6. Conclusion. In this paper, in singular cases, impulsive Hahn — Sturm — Liouville
problems are considered. Such equations have been studied for the existence of solutions on
the entire axis and in the case of Weyl’s limit-circle. The corresponding Green’s function
is first constructed. This reduces the boundary-value problem to a fixed point problem.
A standard Banach fixed point theorem is then used to show that the solutions to the
problem exist and are unique. Finally, without taking into account the uniqueness of the
solution, we construct an existence theorem. This result is obtained by using the well-
known Schauder fixed point.

Statements and declarations. This work does not have any conflict of interest.
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PaccmarpuBarorcs nmmynbensie 3agadn Xana — [Itypma — JInyBuiist B CHHIYISIDHOM City-
qae. lcciemyercss cyliecTBOBaHHME DeIIEHUII TakKMx 3aad Ha BCel OCH M B Cilydae IIpe-
nesbHBIX nuKJIOB Beitnsa. CHavana crpourcst coorBercrBylomas dyukuus I'puna. Tem ca-
MBIM IDaHMYHAs 3aJada CBOAUTCS K IIOMCKY HEIOJBUKHON TOUKU. 3aT€M C UCIIOIb30BaHHEM
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Teopembl BaHaxa O HEMOIBUXKHON TOYKE MOKA3BIBAETCS CYIECTBOBAHWE U €IWHCTBEHHOCTH
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