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IMPULSIVE ¢-STURM-LIOUVILLE PROBLEMS

Bilender P. Allahverdiev, Hamlet A. Isayev and Hiiseyin Tuna*

In this study, impulsive g-Sturm-Liouville problems are considered. First,
symmetry is obtained with the help of boundary conditions. Then, the exis-
tence and uniqueness problem for such equations is discussed. Finally, eigen-
function expansion was obtained with the help of characteristic determinant
and Green’s function.

1. INTRODUCTION

The Sturm—Liouville problems have a long history. Such problems have been
studied for a long time. Sturm-Liouville problems arise, especially if it is desired
to solve partial differential equations modeling various problems encountered in
different fields of science with the Fourier method. For more detailed information
on Sturm-Liouville problems, see ([15]). On the other hand, we encounter impul-
sive Sturm—Liouville problems in geophysics, electromagnetics, elasticity, and other
fields of engineering and physics. For problems of this type see ([4, 5, 16, 6]).

Quantum calculus has recently started to attract a lot of attention. The fact
that some functions that cannot be differentiated in the classical sense can be dif-
ferentiated in the quantum sense makes this subject interesting. Various problems
involving differentiable functions in the quantum sense can be encountered in dif-
ferent fields of mathematics ( [8]). In 2005, Annaby and Mansour applied quantum
calculus to classical Sturm—Liouville problems and investigated ¢-Sturm-Liouville
problems ([2]). Later on, ¢-Sturm-Liouville problems were studied by some authors
by putting impulsive boundary conditions. In [7], Cetinkaya studied discontinuous
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g-Sturm—Liouville problems with eigenparameter-dependent boundary conditions.
In [11, 12, 13], Karahan and Mamedov investigated a g-Sturm-Liouville problem
with discontinuity conditions. In [14], the author studied the singular g-Sturm-—
Liouville problem with impulsive conditions.

In this paper, we study impulsive g-Sturm—Liouville problems. Firstly, the
fundamental spectral properties of these problems are obtained. Later, the exis-
tence and uniqueness problem for such equations is discussed. Finally, eigenfunc-
tion expansion is obtained with the help of characteristic determinant and Green’s
function.

2. PRELIMINARIES

In this section, the basic concepts of g-calculus that will be used in the article
will be given. For more detailed information, the following sources can be examined,
10, 3, 8, 9].

Let ¢ € (0,1) and let A C R be a ¢g-geometric set, i.e., if g € A for all € A.
We begin by defining the operator D, by

f@O—rf()
DS (C) = el ooy

where ¢, ¢ € A. When it is required, ¢ will be replaced by ¢~!. The following facts,
which will be frequently used, can be verified directly from the definition:

Dy-1f(Q) = (P f)(a™'¢), (DFf)(a7"¢) = qDg[Dyf (g7 ()] = Dy-1Dy f(O).

Related to this operator there exists a non-symmetric formula for the ¢-differentation
of a product

D[ f(€)9(Q)] = 9()Dq.f () + f(a$)Dgg(C)-
We define the Jackson g-integration by

C o0
/0 F gy =¢1-0) S q"f (@"¢) (C € 4),
n=0

provided that the series converges, and

/abf(v)dqv/Obf(v)dqw/oaf(v)dq%

where a,b € A. Through the remainder of the paper, we deal only with functions
g-regular at zero, i.e, functions satisfying

lim f(¢q") = f(0),

n— oo

for every ¢ € A.
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Let
L3(0,a) = {f :[0,a] = C: /Oalf(C)IquC < 00}7

Lg((), a) is a Hilbert space endowed with the inner product

(fg) = / F Q7O 1] = / 1O dc.

The g-trigonometric functions are given by the formulas

cos (1) = i_oj I n‘”)gn,
sin (21) = io (-1)" qn("ﬂ)(;fq()t;f))w ,
where -
(a:q)y =1, (a;q), = [] (1 - ad®)
o
(see [2]).

The g-Wronskian of the functions y and z is defined by the formula

W, (y, 2) :==yDyz — zDgy.

3. STATEMENT OF THE PROBLEM

Let us consider the following g-Sturm-Liouville equation

(1) T(y) = —gbq-mq +o(Q)| ¥(0) = M(Q), ¢ € [0.d) U (d,a),

subject to the following conditions

2) y (0) + k1D, 1y (0) = 0,
(3) y(d—) — kay (d+) =0,
(4) Dy-1y (d—) — ksDy-1y (d+) = 0,

() y(a) + kiDy-1y (a) =0,
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where k1, ko, k3, k4 are real numbers and A is a complex parameter.
Our basic assumption throughout the paper is the following:

(K1) Let ¢ € (0,1), koks = a > 0 and v is a real-valued function that is
continuous on [0,d) U (d, ¢~ 'a] and has finite limits v(d=+).
Let us introduce the following space:

H = L2(0,d) + LZ(d,a) is a Hilbert space endowed with the following inner
product

d L a -
gt = [ 1090+ [ @50
0
where

(1) , 0,d 1) , 0,d
ﬂo={§@87§§&£’mo={g50 ¢elha

Consider the following sets

one-sided limits y (d4) and D,-1y (d+)
Dpax =< y€eH: exist and finite, y (d—) — kay (d+) = 0, ,
Dy-1y(d—) — k3Dy-1y (d+) =0, and Ty € H

Dmin - {y S Dmax Y (O) = quly (0) = y(a‘) = ,quly(a) = 0} .
Then the mazimal operator Lyax on Dypax is defined by

»Cmaxy = T(y) .

If we restrict the operator L.« to the set D.,, then we obtain the minimal
operator Lyin.

Let y, z € Dyax- Then the g-Green formula of these functions is given by

[ 0@ - w121 e

(6) = [y, 2(a) = [y, 2} (e4) + [y, 2] (¢=) — [y, 2] (0),

where
[y, 2] := y(Dy-12) — (Dy-1y)Z.

Let us consider the operator £ with a domain D consisting of vectors y €
Dinax, (Ly = T(y)) that satisfy the boundary conditions (2) - (5).

Theorem 1. The operator L is symmetric.

Proof. Let y,z € D. Then we have

d a
w%@H—@¢@H=A<hmm25%x+al<nmmiﬁ@m
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[ v T @ - o [ o T @
From (6), we find
(Ly,2)m — (v, L2)u = aly, 2] (a) — aly, 2] (c+) + [y, 2] (=) = [y, 2] (0) .
By conditions (2) - (5), we see that
(7) (Ly,2)m = (y: L2)H,
i.e., L is the symmetric operator. O
Corollary 2. All eigenvalues of the problem (1) - (5) are real.
Proof. Let u be an eigenvalue with an eigenfunction . From (7), we find
(8) (Lo,o)r = (o, Loy = (@, o) = [, ) h -
On the other hand,

9) (Lo o) = (e, o) = e, ) h-
Combinig (8) and (9), we see that

(e, o) m = e, ),

(=1 {p, ) =

Hence

since ¢ # 0. O

Corollary 3. If & and & are two different eigenvalues of the problem defined by
(1) - (5), then the corresponding eigenfunctions y1 and ya are orthogonal.

Proof. Let uy and ps be two different real eigenvalues with corresponding eigen-
functions ¢ and 9, respectively. By (7), we obtain

(L1, p2)m = (01, Lo2)H,
<#1¢17@2>H = <S017/1’2S02>HM

(1 — p2) (@1, 2)m = 0.

Hence we see that ¢ and @y are orthogonal in H due to p; # ps. O
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4. THE EXISTENCE THEOREM

Theorem 4. For any A € C, Eq. (1) has a solution ¢ (¢, \) satisfying conditions
(2) - (4) which is an entire function of X for every ¢ € [0,d) U (d, a].

Proof. From [2], we conclude that the following problem

—2D,4D, +0(0)] 4(6) = l6): ¢ € 0.0),

y(O) = —k‘l, 'quly(O) = 1,

has a unique solution 5 (¢, A) which is an entire function of A.
Now let us consider the following problem

(10) =20, Dy +0(6)| 9(6) = Q) ¢ € (d.al
(11) Y (d+) = k%sm (d=, ),
(12) Dy-y (d+) = kflg'Dq—ltpl (d—, ).

Un (C7 )‘) = Uo (C7 )‘)

Let
¢ w coS (ﬁqv; q)
(13) +q/ sin(Vagria) | U (@) tun—1 (a7, A) dg,
d — cos (\AC; q) —
where

_ L

uo (C? )\) k2

o (d—,A>+kiB(<—d>Dq—w1 (d—N), ¢ (d,a),

and the functions w, cos (ﬁq( ; q) are the fundamental solutions of the
equation

1
(14) *QDq—lpqy(C) = Ay(Q).-

It is obvious that the functions u,, are entire functions.
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Let A € C be fixed. There exist positive numbers o (), gz)\/) and A such

‘( Si“(%;q)cos (ﬁqv;q) )‘SU(A),

— cos (ﬁ(; q) w

that

max [0 (¢)] = A, [ug (¢, A)] < o (N), € € (d, al.
¢e(d,al

Then, we have

‘ul (Ca )‘) — Up (<7 A)I

sin(ﬁ(;q) ) )
¢ o cos(Vaang
=
q/d ( ~ cos Eﬁc;q)(sm“j;w)q) )“m) o (47, 2) gy

<

e

< qo (V) Ao (V) ppyEi it )

=qo (\) Ao () 1=

¢
/ dq’Y
0

Similarly, we obtain

2 (6, 0) = w1 (G N)] < o (V) i —()(\J))C(l(_l qu)

It is easy to show that
(A (N (1 —q)"

(15) [uns1 (G A) —un (G| < ¢"lo (V) @0, (n=1,2,..).
Thus, the series
(16) ur (GA) + D {ungr (GA) = un (G}

n=1

is uniformly convergent with respect to variable ¢ on (d, a], due to the series

o a1y (Ao (V) (1 - )"
nz::lq T (%9,

is convergent.
If we define the function ¢9 (¢, A) by the formula

02 (G A) = w1 (G A) + D {tng1 (GA) = un (G}

n=1

then we have

n— oo
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From (13), we get

Dytin41 (¢, A) — Dyun, (¢, A)

sin(v/x¢5q)

B ¢ qu cos (\F/\q'y;q)
_q/d ( —DqCOSE\/XCQQ> w ) X

x v (g7) [ 75:_(1(1?43’)/\) } dg,

and

1 1
— 5Dq71unn+1 (C, )\) + g'qu'unn (Cv >‘)

sin(\/XC;q)

_ q/( 7%Dq71Dq N (\f)\q'y; q) y
@\ +1D,-4D, cos (Vac ) 0]

<ot | Sl Ja

= v (Q) [un (€, A) = un—1 (¢, A)] -

By (15), the series

oo

> " (Dytint1 (¢, A) = Dy (€, N))

n=1
and
1 1
Z <—qu1unn+1 (C, )\) —+ a'qul'unn (C, A))
n=1

are uniformly convergent on (d, a] with respect to variable ¢ for every A € C. Hence,
by (14), we obtain

1
- gpq—lpq% (¢, A)

o 1
= Z ((]J-Dqlquun+1 (Cv >‘) + gqulpqu" (C’ )\))

n=1

oo

= (A =0(O) D (un (6N = w1 (GA) = (A =0 (¢) 2 (G ).

n=1
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It is easy to see that ¢o satisfies (11) - (12). Therefore, we conclude that the
function

ven-{ 26

satisfies the problem (1) - (4). O
Similarly, one can obtain the following theorem.

Theorem 5. For any A € C, Eq. (1) has a solution

[ aN, celd
(18) X<<7*>—{§§2<<,A>, ¢ (dal

satisfying conditions (3) - (5) which is an entire function of X for every ¢ € [0,d)U
(d, al.

5. THE CHARACTERISTIC FUNCTION

Now, we can define the following entire functions

w1 (A) =Wy (e1,x1) (Q) 5 w2 (A) = Wy (02, x2) (€)

due to these Wronskians are independent of ¢ for ¢ € [0,d) and ¢ € (d, a], respec-
tively. By (3) - (4), we see that

w1 (A) = aws (N).
Thus, the characteristic function of problem (1) - (5) is defined by the formula
w(A) i==wi (A) = aws ().
Lemma 6. Let

T1801 T1X1 T1<,02 T1)(2
AN : Topr Toxi Tops Toxo
Tsor Taxi Tspa TYaxe
Tior Taxi Tapa Yaxo

where

Ty :==y(0) + k1Dg-1y (0) ,
Yoy :=y(a) + ksDy-1y (a),
Y3y 1=y (d—) — kay (d+),

T4y = ’quly (d*) — ]fg'quly (d+) .
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Then, for every A € C, we obtain

AN = féw?’ )]
Proof. From (17) and (18), we get
AN
0 w1 ()\) 0 0
_ 0 0 —wa (A) 0
©1 (d_7 A) X1 (d_? A) _k2§02 (d+a )‘) _k2X2 (d+7 /\)

Dq71<p1 (d—, )\) Dq—1X1 (d—, )\) —ngq—l P2 (d—|—, )\) —k3Dq—1 X2 (d+, )\)

O —W9 ()\) 0
=wi (A) p1(d—, \) —kapo (d+, A) —kaxa (d+, A)
Dq—upl (d—, \) —kg'Dq—1 2 (d+, A) —k’qu—1X2 (d+, )

= w1 (V) wn (A)‘ P e (40 0) ‘

—1P1 (d—, /\) —k‘3Dq—1 X2 (d+, )\)

L (d—, \) 1(d—, )
= —w ()‘) w2 (A) ‘ Dq(i w1 (d—,\) incl)(l (d—,A) ‘
2 L
=~ Vw2 (V) = === ().

O

Theorem 7. The eigenvalues of (1) - (5) same as the zeros of the entire function
w (N\). Hence the eigenvalues of (1) - (5) form a finite or infinite sequence without
a finite accumulation point.

Proof. Let A% be a zero of w (A). Then wy (A?) = W, (p2,x2) = 0, i.e., p2 = Exz
for some & # 0. Thus ¢ satisfies (5). Therefore the function

O\ _ [ o1 (¢AD), ¢elo,d)
¢<C’AO){ w;(C,/\(O)). ¢ € (d,al

satisfies (1) - (5), i.e., A is an eigenvalue.
Let A be an eigenvalue and 7 (C , /\(0)) be any corresponding eigenfunction.
We want to show that w ()\(0)) = 0. Assume that w ()\(0)) # 0. Then we see that
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w1 ()\(0)) # 0 and wy ()\(0)) # 0. Thus there exist constants &;, i = 1,2, 3, 4, at least
one of which is not zero, such that

O _ J &1 (GAD) +oxa (¢A?), ¢ e€0,d)
n (C,)\ ) { §302 (C’)\(O)) + &ax2 (C,/\(O)) , C€(d,a).

Consequently,
Tm (Ca )‘(0)) = Oa 1= ]-7 23 3347

due to (C, )\(O)) is the eigenfunction. So, we obtain

det (Tm (Q MO))) = AN =0,

because at least one of the constants (;, i = 1,2, 3,4 is not zero. But, by Lemma
6, we see that A () # 0, a contradiction. O

6. GREEN’S FUNCTION
Let us consider the following problem

_épq_lpq {2+ 0O} 9(Q)

(19) =f(¢), (€[0,d)U(d,a], NeC, feH,

which satisfies (2) - (5).
By applying a g-analogue of the methods of variation of the constants, the
general solution of (19) can be given by

( ) { 61 (C? )‘) ¥1 (Ca )‘) + 52 (Ca )‘) X1 (C? )‘) ’ C € [O7d)
n(GA) =
53 (Ca )‘) P2 (Cv )‘) + 64 (Cv /\) X2 (Ca )‘) l C € (dv CL]7

where

(20) Dyt (63) = 35/ @O (a6 N)» ¢ € [0,0)
(21) D&z (G ) = —w(/\)f(qC)% (¢¢,A), C€[0,d),
(22) Dits (¢ N) = {55700 (a6 )., €€ (da),
(23) Dy (G N) = ——2< f(aC)p2 (4C,N) , € € (d,a).

w(N)
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From (20) - (23), we obtain

d

6N = ot /C @ (@9 N dgy + &1, ¢ € [0, d),
q ¢

&N =St /0 F(@)er (@7, N) dgy + &2, C € [0,d),

& (CA) = o /C @)z (@1 N dgy + &, ¢ € (dal,
q ¢

£4(CA) = m/d flav)xz (qv, N) dgy + &4, € € (d, al,

where ¢; (i =1,2,3,4) is an arbitrary constant. Thus we get

(24) n(¢A) =

§1p1 (G A) + &ax1 (G A)
LGN Jy Flav)en (g7, M) dgy
(6N S Fa@n)xa (@1, N dgy, € € [0,d)
€302 (G A) +&ax2 (G, A)
2 (G [ Flamxe (a7:A) dyy

2 (G [S Fan)es (a7, ) dyy, € € (d,al,

where (; (i =1,2,3,4) is an arbitrary constant. From (24), we have

Dy-1m(¢,A) =

§1Dg-101 ((,A) +&Dg-1x1 (¢, )
+5855Dg-1x1 (G ) fiy Fla)er (a7, M) dgy
+555Dg-121 (G [ Flav)xa (a7, 3 dgy, € € [0,d)
§3Dg-102 ((, A) +&4Dg-1x2 (¢, )
+5t D192 (G A) [ Flam)xe (97, A) dyy

+585Dg-1x2 (G J F(a)ee (a7, M) dyy, € € (d,al.
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Hence

T1n =n(0) + k1Dy-1n(0) = & [p1 (0, ) +k1Dy-1¢01 (0, V)]

+ & [x1 (0,A) + k1x1Dy-1 (0, )]

q d
4L o1 00 + 1D, 03] [ Tl (g M) do,
w(A) 0
Since
1 (0, /\) + k‘1Dq—1<p1 (O, )\) =0

and

X1 (0,0) + k1xaDg-1 (0,A) =w (X)) #0

we conclude that
& =0.

Similarly, we get
T277 =" (a) + k4Dq—”7 (CL) = 53 [902 (a7 >‘) + k4Dq—1902 (aa )‘)]
+&4 [x2 (a, N) + ks Dy-1x2 (a, N)]

—I—ﬁ [x2 (@, A) 4+ kaDy-1x2 (a, N)] /da flav)e2 (g7, A) dgy

By using the following relations
x2 (@, A) + k4Dy-1x2 (@, A) =0

©2 (a, A) + ksDy-102 (a,A) =w(A) #0
we obtain
& =0.

Similarly, we have
T =1 (d—) — kan (d+)

=&1p1 (d—, A) — kalaxz (d+, N)

d
q ~
o (d ,A)/O Flav)er (a7, A) dgy
e (@4.3) [ e (e 0
2oy e2 @) [ @ (@02 dey

and
Yyn =Dy-1n(d—) — ksDy-1n (d+) = &1 Dy-1¢1 (d—, N)
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d
q
+mpq—1X1 (d_7 /\)/O f(qIY)SDl (Q’V, )\) dq’y — k3€4Dq_1X2 (d+’ )\)
_kgﬁbq_upz (d+, \) /d Flav)xz (a7, \) dgy.

By virtue of (3) and (4), we have

§1p1 (d—, A) — ka&axa (d+, N)

= ko= w(x) P2 (d+, A) fd (@v)x2 (¢7, A) dyy
— st (A=) fy Flav)er (a7, M) dyy

(25)

&1Dy-101 (d—, X) — k3€aDy-1x2 (d+, A)

= ka5l Da-102 (d+,0) [ fFlav)xe (a7, ) dgvy

—553Dg-1x1 (A=, N) [y Flav)en (a7, N) dg-

From (25), we deduce that

& = L/ flav)xa (g, A) dgy

d

and p
&= L/ flav)er (g7, A) dgy-

0

Finally, we obtain

ST CA/"f dy,
ie.,
1CN = [ G 1)y,
0
where G ((,7,\) is the Green’s function defined by

XGN @A), 0y <C<a, (#d 7 #d,

(26) G(Cm%):{
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7. EGENFUNCTION EXPANSION

Theorem 8. Suppose that A = 0 is not an eigenvalue of (1)-(5). G(¢,v) (A

defined as (26) is a q-Hilbert-Schmidt kernel, i.e.,

d d d d
/ / IG(C,)PdyCdyy < +oo, / / G PdyCdyy < +00.
0 0 a a

Proof. By (26), we deduce that

d d a a
d G 2d d G 2d
/0 q</0| ) qw<+oo,/d q</d| (¢ 1)Pdgy < +oo,

due to x (., A), ¢ (-, A) € H. Therefore, we get

d d d d
(27) / / GG PdgCdyy < 4o, / / IG(C)[PdgCdyy < +oc.

Theorem 9 ([17]). Let
A{t;} ={x;}, 1€ N:={1,2,3,...},

where
(28) Ti = Zn’iktka Z7k eN.
k=1
If
(29) |77ik|2 < 400,
i k=1

then the operator A is compact in 2.

Theorem 10. Let T be the integral operator T : H — H,

0, ceod)
70 ‘{ 7O, ¢ e (d.dl,

JEG(¢,7) FD )y, € € [0,d)

[7 G (&) FP()dgy, € € (d,al.

Then T is a self-adjoint and compact operator in space H.

(THC) = {

=0)
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Proof. Let

be a complete, orthonormal basis of H. Let 7,k € N. If we set

d NOW
t= {f,60)m = / FD () 6 (Q)dge
v [T 190 Q.
d -
S /O gV () 6D (O)doC
ta /d @ () 6P ()dyc,
nzk*\/ / C? (1) C) (1)( ) chq’Y

+a//Gm¢><2> (6 (1) dgCy,

then H is mapped isometrically on to [2. By this mapping, 7 transforms into the
operator A defined by (28) in [? and (27) is translated into (29). It follows from
Theorems 8 and 9 that A and 7 is compact.
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Let h,g € H. Then we have

d . a -
(Th.g)m = / (ThO) (gD ()l + a /d (T (gD (Q)dyC

0

d d
- / / G (¢.7) D (1) dgr g Q) dyC
0 0

ta /d / G (¢,7) K (1) dgr gD () dyC

d d -
_ / D () ( / G(w,<>g<l><<>dq<> dyy
0 0

v [T020) ([ 66,070 ) dy = 0. Toba

since G((,7) is a symmetric function. O

Without loss of generality, we can assume that A\ = 0 is not an eigenvalue.
Then, ker £ = {0} and 7 = L.

Theorem 11. The operator L has an infinite countable set {\,}
values which can be ordered as

nen Of real eigen-

M| < [Ao] < ... < |An] < oory [An| = 00 as n—oo.

The set of all normalized eigenfunctions of L forms an orthonormal basis for the
space H and for z € H, Tz = h, Lh = z, Lxn = AnXn (n € N) the eigenfunction
expansion formula

Lh="Y " Aulh Xn) mXn
n=1

s valid.

Proof. From the Hilbert—-Schmidt theorem and the above theorem, we deduce that
T has an infinite sequence of non-zero real eigenvalues {ﬁn}fbozl with

lim &, =0.

n— oo

Hence

1
[An] = — — 00, n — o0.

|&n]
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Let

{xn},2, denote an orthonormal set of eigenfunctions corresponding to {&,}—; .
Then, for z € H, we have Tz =h, Lh = z, Lxn = ApXn (n € N) and
Lh=2= (zXn)uXn = Y (L Xn) B Xn
n=1 n=1

10.
11.

12.

13.

= h Lxa)mxn = Y Aalha Xa) 11X

n=1 n=1
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