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A B S T R A C T

In this paper, we use the holographic principle to obtain a modified metric of black holes that reproduces
the exponentially corrected entropy. The exponential correction of the black hole entropy comes from non-
perturbative corrections. It interprets as a quantum effect which affects black hole thermodynamics especially
in the infinitesimal scales. Hence, it may affect black hole stability at the final stage. Then, we study modified
thermodynamics due to the non-perturbative corrections and calculate thermodynamics quantities of several
non-rotating black holes.
. Introduction

A black hole entropy is proportional to the event horizon area [1,2].
hanks to the holographic principle, we can obtain black hole thermo-
ynamics by using its horizon information. It is one of the best ways to
tudy black hole physics. It gives us some important information about
lack hole evaporation, black hole stability, critical points, and phase
ransition of black holes. So, in the last decades, there have been several
orks where various kinds of black hole thermodynamics have been

tudied.
As a black hole size is reduced due to the Hawking radiation,

he thermal fluctuations become important and black hole entropy
ay corrected by a logarithmic term at leading order [3–5]. This

ogarithmic correction (perturbative correction) on the black hole en-
ropy will modify the black hole thermodynamics so there are several
orks where mentioned perturbative correction have been investi-
ated [6–14], which is also extended to other black objects like black
ings [15]. These corrections may be used to test the quantum theory
f gravity [16]. However, by reducing more in the black hole size, the
on-perturbative corrections become dominant [17]. An exponential
erm gives the non-perturbative correction on the black hole entropy,

= 𝑆0 + 𝑒−𝑆0 ,

here 𝑆0 is the uncorrected black hole entropy proportional to the
orizon radius. It is a universal behavior that can be used to study
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various black hole thermodynamics. Recently, modified thermodynam-
ics of some black holes due to the exponential correction has been
investigated. For example, some non-rotating black hole thermody-
namics were studied by Ref. [18], and Myers–Perry black holes were
considered by Ref. [19]. The exponential correction term is negligible
at a large radius, while it is dominant at infinitesimal radii. Such
correction already considered in literature [20–24]. Also in Ref. [25]
non-perturbative quantum correction is considered to study thermo-
dynamics of the Hořava–Lifshitz black hole. Above corrected entropy
assumed in Ref. [25], while the black hole temperature remains unaf-
fected by corrections. Therefore, the study of quantum corrections to
the thermodynamics of black branes has gained significant attention in
recent research. In Ref. [26], both perturbative and non-perturbative
corrections to the thermodynamics of black branes have been inves-
tigated and observed that the mentioned corrections will modify the
relation between the entropy and area of black branes. The use of
holographic relations has been employed to obtain the corrected black
hole temperature directly from the black hole metrics. Furthermore,
the effects of these corrections on various thermodynamic properties
have been discussed. The holographic principle, particularly in the
context of AdS/CFT and the holographic interpretation of black holes,
has been a significant area of study in understanding the thermody-
namic properties of black objects [27]. The findings from these studies
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provide valuable insights into the impact of quantum corrections on
the thermodynamics of black branes and the associated implications
for black hole entropy and temperature.

This paper is dedicated to identifying an appropriate black hole
metric capable of yielding the aforementioned exponential corrected
entropy. Employing holographic relations, we aim to derive the cor-
rected black hole temperature directly from the black hole metrics.
To achieve this, the original approach of this paper draws upon the
methodology outlined in Ref. [28] to propose modified metrics for
certain well-known black holes. These modifications in the metrics are
intended to generate the exponential corrected entropy corresponding
to the respective black holes. The holographic method employed in this
study commences with the formulation of the partition function within
the canonical ensemble. Subsequently, we utilize this partition function
to compute the thermal average of an operator. This involves consid-
ering imaginary time evolution and implementing periodic boundary
conditions in the Hilbert space. The outcome of this process provides us
with the Hawking temperature of a black hole. Utilizing this obtained
temperature in the first law of thermodynamics allows us to extract
the black hole entropy. The resultant entropy is anticipated to align
with the area entropy relation and is intrinsically linked to the entropy
derived from the central charge in quantum field theory. Consequently,
by employing the modified metric for black holes, we can establish all
the modified thermodynamic relations, thus encompassing the critical
aspects of quantum gravity within this framework. Recent develop-
ments in holography and black hole thermodynamics have provided
valuable insights into the quantum nature of black holes and the inter-
play of entropy, area, and the holographic principle. The holographic
principle, which states that the entropy of ordinary mass is proportional
to surface area, has been a fundamental concept in understanding black
hole entropy and its relation to quantum gravity. Additionally, studies
have focused on non-perturbative quantum corrections and their im-
plications for black hole thermodynamics, including the computation
of black hole entropy using the Bekenstein–Hawking formula [29].

So, in the next section, we present our general method to obtain
the modified metric function for the spherical symmetric black holes.
Then we examine our method for the Reissner–Nordström black hole
in Section 3, 4𝐷 Schwarzschild-AdS black hole in Section 4, a Charged

dS black hole in Section 5, and STU black hole in Section 6. Finally,
e give a conclusion and summary of results in Section 7.

. General formalism

In this section, we would like to introduce our method to produce
he exponentially corrected entropy of black holes. Here, we consider a
eneral black hole metric with the Minkowski geometry, which is given
y,

𝑠2 = −𝑔(𝑟)
(

𝑓 (𝑟)𝑑𝑡2 + 𝑑𝑋2) + 𝑑𝑟2

ℎ(𝑟)
, (2.1)

where 𝑔(𝑟), 𝑓 (𝑟) and ℎ(𝑟) are the metric functions. For the 𝐷 dimen-
ional space–time, 𝑑𝑋2 is a 𝐷 − 2 dimensional metric, which may be a
lat, open or closed space–time. Therefore, the black hole temperature
s given by [28],
1
𝑇

= 4𝜋
√

𝑔(𝑟0)𝑓 ′(𝑟0)ℎ′(𝑟0)
, (2.2)

where 𝑟0 is the event horizon radius. We would like to use the first
law of black hole thermodynamics to obtain the black hole entropy.
The first law of black hole thermodynamics in general form is given
by [30],

𝑑𝑀 = 𝑇𝑑𝑆 +𝛺𝑑𝐽 +𝛷𝑑𝑄 + 𝑉 𝑑𝑃 , (2.3)

where 𝑀 , 𝑇 , 𝑆, 𝐽 , 𝑄, 𝑉 and 𝑃 are the black hole mass, temperature,
entropy, angular momentum, electric charge, volume and pressure,
respectively. Also, the rotational parameter 𝛺 and potential 𝛷 are
2

conjugate variables of angular momentum and electric charge, respec-
tively. Hence, one can write the following thermodynamics relations:

1
𝑇

=
( 𝑑𝑆
𝑑𝑀

)

𝐽 ,𝑄,𝑃
, (2.4)

1
𝛺

=
( 𝑑𝐽
𝑑𝑀

)

𝑆,𝑄,𝑃
, (2.5)

1
𝛷

=
(

𝑑𝑄
𝑑𝑀

)

𝑆,𝐽 ,𝑃
, (2.6)

1
𝑉

=
( 𝑑𝑃
𝑑𝑀

)

𝑆,𝐽 ,𝑄
. (2.7)

ombining the Eqs. (2.2) and (2.4) gives,
( 𝑑𝑆
𝑑𝑀

)

𝐽 ,𝑄,𝑃
= 4𝜋

√

𝑔(𝑟0)𝑓 ′(𝑟0)ℎ′(𝑟0)
. (2.8)

ence, the black hole entropy is related to the metric functions. In most
pherically symmetric black holes, we have 𝑔(𝑟) = 1, and 𝑓 (𝑟) = ℎ(𝑟). In
hat case, using Eq. (2.8) one can write,

′(𝑟0) =
4𝜋

(

𝑑𝑆
𝑑𝑀

)

𝐽 ,𝑄,𝑃

. (2.9)

This paper aims to find the appropriate metric function 𝑓 (𝑟), reproduc-
ing the exponential corrected entropy. We do that for some kinds of
black holes. As Ref. [28] mentioned, the obtained black hole entropy
using this method is exactly equal to the area entropy formula.

On the other hand, a general spherically symmetric metric is given
by

𝑑𝑠2 = −𝑓 (𝑟)𝑑𝑡2 + 𝑑𝑟2

𝑓 (𝑟)
+ 𝑟2𝑑𝛺2

𝐷−2, (2.10)

where 𝑑𝛺2
𝐷−2 is the metric of 𝐷 − 2 dimensional unit sphere with area

𝛺𝐷−2 =
2𝜋

𝐷−1
2

𝛤
(

𝐷−1
2

) . (2.11)

ccording (2.10), the outer horizon is located at 𝑓 (𝑟 = 𝑟0) = 0. It yields
o the following uncorrected entropy,

0 =
𝛺𝐷−2𝑟𝐷−2

0
4𝐺𝐷

. (2.12)

where the indices 0 denote uncorrected temperature. Also, there is a
relation for Hawking temperature based on the first law of thermody-
namics that means:
1
𝑇𝐻

=
𝑑𝑆(𝑀)
𝑑𝑀

, (2.13)

where 𝑆(𝑀) and 𝑇𝐻 are the black hole entropy and Hawking tem-
perature modified due to the non-perturbative correction. Recently,
it was argued that non-perturbative corrections yield the exponential
contribution to the black hole entropy [17]. It is indeed dominant at
small radii. Using the above relations, we would like to find a modified
metric function which generates the following corrected entropy,

𝑆 = 𝑆0 + 𝜂𝑒−𝑆0 , (2.14)

where 𝜂 is the correction coefficient.
The specific heat sign analysis is one of the main tools to obtain

information about the black hole’s stability. The specific heat may be
given by:

𝐶 =
−[𝑆′(𝑀)]2

𝑆′′(𝑀)
(2.15)

here prime is derivative concerning 𝑀 . Moreover, by using the
elmholtz free energy and the black hole volume,

= 𝜋
𝐷
2

(𝐷2 )!
𝑟𝐷0 , (2.16)

one can obtain the thermodynamics pressure.
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Having pressure helps us to investigate the critical points using the
two below conditions,
( 𝜕𝑃
𝜕𝑉

)

𝑇
= 0, (2.17)

and
(

𝜕2𝑃
𝜕𝑉 2

)

𝑇
= 0. (2.18)

We can also calculate the isothermal compressibility

𝜅𝑇 = − 1
𝑉

( 𝜕𝑉
𝜕𝑃

)

𝑇
. (2.19)

The change of 𝐸 in an isothermal expansion is

▵ 𝐸 = ∫

𝑉2

𝑉1

[

𝑇
( 𝜕𝑃
𝜕𝑇

)

𝑉
− 𝑃

]

𝑑𝑉 . (2.20)

At zero specific heat, the internal energy remains constant:

𝐶 = 𝜕𝐸
𝜕𝑇

. (2.21)

Hence ▵ 𝐸 = 0. In that case, the Joule coefficient

𝐽 =
( 𝜕𝑇
𝜕𝑉

)

𝐸
, (2.22)

is useful to find the situation of black hole temperature in a Joule
expansion. If 𝜇𝐽 = 0, then the temperature is unchanged in a Joule
xpansion. On the other hand, the negative (positive) sign of the Joule
oefficient shows the cooling (warming) of the black hole.

In the case of cooling or warming, one can define the Joule-Kelvin
oefficient [31],

𝐽𝐾 =
( 𝜕𝑇
𝜕𝑃

)

𝐻
, (2.23)

where 𝐻 is the black hole enthalpy given by

𝐻 = 𝐸 + 𝑃𝑉 . (2.24)

Finally, it is valuable to mention that the entropy obtained in this
method is related to the entropy in the dual field theory [28]. Hence,
we may obtain quantum corrected entropy of the CFT side in the
AdS/CFT correspondence by using the modified entropy. Now, let us
try the above general formalism for famous black holes.

3. 𝟒𝑫 Reissner–Nordström black hole

Reissner–Nordström (RN) black hole in four-dimensional space–
time is a charged black hole described by the following metric [30],

𝑑𝑠2 = −𝑓 (𝑟)𝑑𝑡2 + 𝑑𝑟2

𝑓 (𝑟)
+ 𝑟2𝑑𝛺2

2 , (3.1)

where 𝑑𝛺2
2 = 𝑑𝜃2 + sin2 𝜃𝑑𝜑2, and the metric function is given by,

𝑓 (𝑟) = 1 − 2𝑀
𝑟

+ 𝑄2

𝑟2
, (3.2)

where 𝑄 is the electric charge.
The mass, Hawking temperature and entropy of RN black hole are:

𝑀 =
𝑟0
2
(1 + 𝑄2

𝑟20
), 𝑇𝐻 =

𝑟20 −𝑄2

4𝜋𝑟30
, 𝑆0 = 𝜋𝑟20, (3.3)

where 𝑟0 = 𝑀 +
√

𝑀2 −𝑄2 is the event horizon radius. If we assume

𝑓 (𝑟) = 1 − 2𝑀 ′

𝑟
+ 𝑄2

𝑟2
, (3.4)

and put 𝑀 ′ ⟶ (1 − 𝛼)𝑀 , where 𝛼 = 𝜂𝑒−𝑆0 then with Eq. (2.9) we
obtain

𝑇𝐻 =
𝑟20 −𝑄2

3
(3.5)
3

(1 − 𝛼)4𝜋𝑟0
and using 𝑆 = ∫ 𝑇 −1
𝐻 𝑑𝑀 (𝑃 ,𝑄, 𝐽 are constant) we reproduce the

following corrected entropy of RN black hole as follows,

𝑆 = ∫ 𝑇 −1
𝐻

(

𝜕𝑀 ′

𝜕𝑟0

)

𝑑𝑟0 = 𝑆0 + 𝜂𝑒−𝑆0 . (3.6)

ow, we can study the consequences of this exponential correction.

.1. Thermodynamic quantities

Helmholtz free energy is calculated as follows,

= −∫ 𝑆𝑑𝑇𝐻 =
𝑟20 + 3𝑄2

4𝑟0
+

𝜂
4𝜋𝑟30

(𝑒−𝜋𝑟
2
0 (−𝑟20 +𝑄2(1 + 𝜋𝑟20))). (3.7)

ow, we can easily find the equation of state,

=
( 𝜕𝐹
𝜕𝑉

)

𝑇
=

𝑟20 − 3𝑄2

16𝜋𝑟40

+ 𝜂𝑒−𝜋𝑟
2
0

(

𝑟20 − 3𝑄2

16𝜋𝑟40

)(

1
𝜋𝑟20

(1 + 𝜋𝑟20)

)

. (3.8)

hen, the Gibbs free energy is calculated as,

=
2𝑟20 + 3𝑄2

6𝑟0
+

𝜂
4𝜋𝑟30

(𝑒−𝜋𝑟
2
0 (−𝑟20 +𝑄2(1 + 𝜋𝑟20)))

+ 𝜂𝑒−𝜋𝑟
2
0

(

𝑟20 − 3𝑄2

12𝑟0

)(

1 + 𝜋𝑟20
𝜋𝑟20

)

(3.9)

eglecting the exponential correction at 𝑄 → 0 limit one can find
𝐺 = 𝑀+

√

𝑀2−𝑄2

3 . In plots of Fig. 1 we draw Gibbs free energy for
some values of the black hole charge to see the effect of the expo-
nential correction. The Gibbs free energy demonstrates a reduction
owing to non-perturbative corrections, resulting in a negative value for
infinitesimal radii. Conversely, the curves converge for larger radii, in-
dicating that non-perturbative corrections exhibit minimal significance
for sizeable black holes.

3.2. Critical points

If we put 𝑟 ⟶
(

3𝑉
4𝜋

)
1
3 and rescaling 𝑉

1
3 ⟶ 𝑉 in Eq. (3.8) then we

can find the following equation of state:

𝑃 =
𝑎1𝑄2 + 𝑎2𝑉 2

6𝑉 4
+

𝜂
𝑎1𝑄2 + 𝑎2𝑉 2

6𝑉 4

(

𝑒𝑎3𝑉 2 (𝑎4 + 𝑎5𝑉 2)

3
2
3 𝑉 2

)

(3.10)

where

𝑎1 = −3(𝜋
6
)
1
3 𝑎2 =

( 3
2𝜋 )

1
3

2 × 2
1
3

𝑎3 =
−3

2
3

2
(𝜋
2
)
1
3

𝑎4 = 2( 2
𝜋
)
1
3 𝑎5 = 3

2
3 . (3.11)

pplying the conditions (2.17) and (2.18), we find the following equa-
ion,

1𝑉
10
𝑐 + 𝑐2𝑉

8
𝑐 + 𝑐3𝑉

6
𝑐 + 𝑐4𝑉

4
𝑐 + +𝑐5𝑉 2

𝑐 + 𝑏 = 0, (3.12)

where we defined

𝑐1 = (9 × 6(2∕3)𝜋). 𝑐2 = (−3 × 108𝜋(5∕3)𝑄2 + 36𝜋(2∕3))

𝑐3 = (48(6𝜋)(1∕3) + 432 × 6(1∕3)𝜋(7∕3)𝑄4

−3 × 72 × 6(1∕3)𝜋(4∕3)𝑄2).

𝑐 = (32 × 6(2∕3) + 576 × 6(2∕3)𝜋2𝑄4

4
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Fig. 1. Gibbs free energy of RN black hole versus 𝑟0 for 𝑄 = 2, 𝑄 = 7.

+9 × 6(2∕3)𝜋 × (−32𝑄2)).

5 = (36 × 𝜋(2∕3) × (−32𝑄2) + 108 × 𝜋(5∕3)𝑄2 × (32𝑄2))

𝑏 = (72 × 6(1∕3) × 𝜋(4∕3)𝑄2(32𝑄2)). (3.13)

So, the critical volume is dependent on 𝑄.

3.3. Stability

In the presence of the non-perturbative correction, the specific heat
of the RN black hole is obtained as,

𝐶 =
2𝜋𝑟2(𝑟2 −𝑄2)(1 − 𝜂𝑒−𝑆0 )2

(3𝑄2 − 𝑟2) + (𝑟2 − 2𝜋𝑟4 +𝑄2(−3 + 2𝜋𝑟2))𝜂𝑒−𝑆0
(3.14)

In Fig. 2, we plotted it for 𝜂 = 1 and 𝜂 = 0. As the black hole
size diminishes due to Hawking radiation [32], an unstable/stable
phase transition becomes evident. In the case of the 4𝐷 Reissner–
Nordstr"om black hole, a second-order phase transition occurs. This
quantum correction induces a shift in the phase transition point of
the black hole, highlighting the effect of quantum corrections on such
transitions.

4. 𝟒𝑫 Schwarzschild-AdS black hole

Schwarzschild-AdS (SAdS) black hole in four-dimensional space–
time is given by the metric (3.1) with the following metric func-
tion [30],

𝑓 (𝑟) = 1 − 2𝑀
𝑟

+ 𝑟2

𝑙2
, (4.1)

where the constant 𝑙 is the AdS curvature. The mass of the black hole,
awking temperature and the black hole entropy are:

=
𝑟0 (1 +

𝑟20
2
), 𝑇𝐻 =

𝑙2𝑟0 + 3𝑟30
2 2

, 𝑆0 = 𝜋𝑟20. (4.2)
4

2 𝑙 4𝜋𝑟0𝑙
Fig. 2. Specific heat of RN black hole versus 𝑟0 with 𝑄 = 0.3 for 𝜂 = 1 and 𝜂 = 0.

Now, if we choose

𝑓 (𝑟) = 1 − 2𝑀 ′

𝑟
+ 𝑟2

𝑙2
, (4.3)

and put 𝑀 ′ ⟶ (1 − 𝛼)𝑀 where 𝛼 = 𝜂𝑒−𝑆0 then with (2.9) we have the
corrected temperature

𝑇𝐻 =
𝑙2𝑟0 + 3𝑟30

(1 − 𝛼)4𝜋𝑟20𝑙
2
, (4.4)

hich yields to the exponential corrected entropy (3.6).

.1. Thermodynamic quantities

Helmholtz free energy is calculated as follows,

=
𝑟20 − 𝑙2

4𝑙2𝜋𝑟0
+

𝜂
8𝑙2𝜋𝑟0

(

𝑒−𝜋𝑟
2
02𝑙2 + 3𝑟0𝐸𝑟𝑓 [

√

𝜋𝑟0]
)

, (4.5)

hile pressure is

=
( 𝜕𝐹
𝜕𝑉

)

𝑇

=
𝜋𝑟20(3𝑟

2
0 − 𝑙2)

4𝑙2𝜋𝑟20
+

𝜂𝑒−𝜋𝑟
2
0 (3𝑟20 − 𝑙2)

4𝑙2𝜋𝑟20
. (4.6)

lso, Gibbs free energy is obtained as,

=
𝑟20 − 𝑙2

4𝑙2𝜋𝑟0
+

𝜋𝑟20(3𝑟
4
0 + 𝑙2(−𝑟20))

3𝑙2𝑟0
+

𝜂
8𝑙2𝜋𝑟0

(

𝑒−𝜋𝑟
2
02𝑙2 + (3 + 2𝑙2𝜋(1))𝑟0𝐸𝑟𝑓 [

√

𝜋𝑟0]
)

𝜂𝑒−𝜋𝑟
2
0 (3𝑟40 − 𝑙2𝑟20)

3𝑙2𝑟0
. (4.7)

he specific heat for SAdS black hole is:

=
2𝜋𝑟20(𝑙

2 + 3𝑟20)(1 − 𝛼)

(−𝑙2 + 3𝑟20)(1 − 𝛼) + 2𝜋𝑟20(𝑙
2 + 3𝑟20)(𝛼)

. (4.8)

We can discuss the stability of this kind in the next section.

4.2. Critical points

If we put 𝑟 ⟶
(

3𝑉
4𝜋

)
1
3 and rescaling 𝑉

1
3 ⟶ 𝑉 in (4.6) then we can

find the following equation of state:

𝑃 =
𝑎4𝑉 2(𝑎2𝑉 2 + 𝑎3𝑉 4)

288𝑙2𝜋
4
3 𝑉 6

+ 4𝜂

(

𝑒−𝑎5𝑉 2 (𝑎2𝑉 2 + 𝑎3𝑉 4)
4

)

(4.9)

288𝑙2𝜋 3 𝑉 6
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Fig. 3. Joule-Kelvin coefficient of SAdS black hole versus 𝑟0 for 𝜂 = 1 and 𝜂 = 0 for
= 0.5.

here

2 = −2(6𝜋)
2
3 𝑙2, 𝑎3 = 9 × 6

1
3 ,

4 = 6
2
3 𝜋

1
3 , 𝑎5 =

1
2
× 3

2
3 (𝜋

2
)
1
3 . (4.10)

Applying the conditions (2.17) and (2.18), we find the following equa-
tion,

𝑐1𝑉
10
𝑐 + 𝑐2𝑉

8
𝑐 + 𝑐3𝑉

6
𝑐 + 𝑐4𝑉

4
𝑐 = 0, (4.11)

where

𝑐1 = −27(6𝜋)2∕3,

𝑐2 = −𝜋4∕3(28𝑙2),

3 = −6
1
3 (28𝜋𝑙2 + 90),

4 = −32(6𝜋)2∕3𝑙2. (4.12)

The critical volume is dependent on 𝑙.

4.3. Joule-Kelvin expansion

The Joule-Kelvin coefficient of SAdS black hole may be obtained
via [31],

𝜇𝐽𝐾 =
( 𝜕𝑇
𝜕𝑃

)

𝐻
= 1

𝐶𝑝

(

𝑇 ( 𝜕𝑉
𝜕𝑇

)𝑝 − 𝑉
)

. (4.13)

Utilizing temperature and specific heat, the Joule-Kelvin coefficient
can be determined from Figs. 3 and 4. An intriguing observation is
the emergence of asymptotic behavior in the Joule-Kelvin coefficient
due to the effect of exponential correction. This behavior signifies
how the coefficient behaves as the 4𝐷 Schwarzschild-AdS black hole
temperature approaches zero or tends toward infinity. Notably, the
value of the AdS curvature 𝑙 holds significant relevance in this context,
as depicted in Fig. 4. This reveals the intricate relationship between the
asymptotic behavior and the influence of 𝑙 on the coefficient dynamics.

5. 𝟒𝑫 Charged AdS black hole

Charged AdS black hole in four-dimensional space–time is given by
the metric (3.1) with the following metric function [30],

𝑓 (𝑟) = 1 − 2𝑀
𝑟

+ 𝑄2

𝑟2
+ 𝑟2

𝑙2
. (5.1)

where 𝑙 is the AdS radius. The mass, Hawking temperature and entropy
of a charged AdS black hole are given by

𝑀 =
𝑟0 (1 + 𝑄2

2
+

𝑟20
2
),
5

2 𝑟0 𝑙 s
Fig. 4. Joule-Kelvin coefficient of SAdS black hole versus 𝑟0 for 𝜂 = 1 and different 𝑙.

Fig. 5. Specific heat of the charged AdS black hole versus 𝑟0 for 𝜂 = 1 and 𝜂 = 0 with
𝑄 = 0.3 and 𝑙 = 3.

𝐻 =
𝑙2(𝑟20 −𝑄2) + 3𝑟40

4𝜋𝑟30𝑙
2

,

𝑆0 = 𝜋𝑟20. (5.2)

f we set

(𝑟) = 1 − 2𝑀 ′

𝑟
+ 𝑄2

𝑟2
+ 𝑟2

𝑙2
, (5.3)

ith 𝑀 ′ ⟶ (1 − 𝛼)𝑀 where 𝛼 = 𝜂𝑒−𝑆0 then with (2.9) we have

𝑇𝐻 =
𝑙2(𝑟20 −𝑄2) + 3𝑟40
(1 − 𝛼)4𝜋𝑟30𝑙

2
. (5.4)

o, the exponential corrected entropy is reproduced. It yields the
ollowing specific heat for a charged AdS black hole,

=
2𝜋𝑟20(𝑙

2(𝑟20 −𝑄2) + 3𝑟40)(1 − 𝛼)
𝑋

, (5.5)

here

= (𝑙2(−𝑟20 + 3𝑄2) + 3𝑟40)(1 − 𝛼)

+ 2𝜋𝑟20(𝑙
2(𝑟20 −𝑄2) + 3𝑟40)𝛼. (5.6)

In Figs. 5 and 6 , the behaviors of the specific heat for the charged
dS black hole are depicted. Fig. 5 demonstrates how the exponential
orrection alters the phase transition point. In Fig. 6, the influence
f the black hole charge on the specific heat is apparent. It reveals a
econd-order phase transition occurring at distinct points, highlighting
he impact of quantum corrections on the 4𝐷 charged AdS black
ole geometry. Notably, this divergent point might diminish for larger
lack hole charges, indicating the potential for complete stability in a
trongly charged AdS black hole within four dimensions.
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Fig. 6. Specific heat versus 𝑟0 for 𝜂 = 1 and 𝑄 = 0.09 (red), 𝑄 = 0.3 (blue), 𝑄 = 0.5
yellow) and 𝑄 = 0.9 (black) for 𝑙 = 3. For yellow curve, 0 < 𝑟0 < 0.5 and black curve,
< 𝑟0 < 0.8 the specific heat is negative. (For interpretation of the references to color

n this figure legend, the reader is referred to the web version of this article.)

.1. Thermodynamic quantities

Helmholtz free energy is calculated as follows,

=
2(𝑟40 − 𝑙2(3𝑄2 + 𝑟20))

8𝑙2𝜋𝑟30
+

𝜂
8𝑙2𝜋𝑟30

(𝑒−𝜋𝑟
2
0 (𝑟20 +𝑄2(−1 + 2𝜋𝑟20))2𝑙

2

(3 + 2𝑙2𝜋(1 + 2𝜋𝑄2))𝑟30𝐸𝑟𝑓 [
√

𝜋𝑟0]), (5.7)

which yields to the following pressure:

𝑃 =
( 𝜕𝐹
𝜕𝑉

)

𝑇
=

𝜋𝑟20(3𝑟
4
0 + 𝑙2(3𝑄2 − 𝑟20))

4𝑙2𝜋𝑟40

+
𝜂𝑒−𝜋𝑟

2
0 (3𝑟40 + 𝑙2(3𝑄2 − 𝑟20))

4𝑙2𝜋𝑟40
(5.8)

Also, Gibbs free energy is calculated as

𝐺 =
2(𝑟40 − 𝑙2(3𝑄2 + 𝑟20))

8𝑙2𝜋𝑟30
+

𝜋𝑟20(3𝑟
4
0 + 𝑙2(3𝑄2 − 𝑟20))

3𝑙2𝑟0

+
𝜂

8𝑙2𝜋𝑟30
(𝑒−𝜋𝑟

2
0 (𝑟20 +𝑄2(−1 + 2𝜋𝑟20))2𝑙

2

(3 + 2𝑙2𝜋(1 + 2𝜋𝑄2))𝑟30𝐸𝑟𝑓 [
√

𝜋𝑟0])

𝜂𝑒−𝜋𝑟
2
0 (3𝑟40 + 𝑙2(3𝑄2 − 𝑟20))

3𝑙2𝑟0
(5.9)

In Fig. 7, we draw Gibbs free energy for several values of the black
hole charge. We show that is an increasing function of the event
horizon radius. Also, in Fig. 8, we can see the effect of the exponential
correction on the Gibbs free energy. As expected from a large radius,
there is no important effect.

5.2. Critical points

If we put 𝑟 ⟶
(

3𝑉
4𝜋

)
1
3 and rescaling 𝑉

1
3 ⟶ 𝑉 in Eq. (5.8) then we

can find the following equation of state:

𝑃 =
𝑎4𝑉 2(𝑎1𝑄2 + 𝑎2𝑉 2 + 𝑎3𝑉 4)

288𝑙2𝜋
4
3 𝑉 6

+ 4𝜂

(

𝑒−𝑎5𝑉 2 (𝑎1𝑄2 + 𝑎2𝑉 2 + 𝑎3𝑉 4)

288𝑙2𝜋
4
3 𝑉 6

)

, (5.10)

where

𝑎 = 24𝜋
4
3 𝑙2 𝑎 = −2(6𝜋)

2
3 𝑙2 𝑎 = 9 × 6

1
3

6

1 2 3
Fig. 7. Gibbs free energy the charged AdS black hole versus 𝑟0 for 𝜂 = 1 and 𝑄 = 0.3
blue), 𝑄 = 0.5 (green), 𝑄 = 0.9 (red) and 𝑄 = 1.5 purple with 𝑙 = 3. (For interpretation
f the references to color in this figure legend, the reader is referred to the web version
f this article.)

Fig. 8. Gibbs versus 𝑟0 for 𝜂 = 1 and 𝜂 = 0 for 𝑄 = 0.3 and 𝑙 = 3.

𝑎4 = 6
2
3 𝜋

1
3 𝑎5 =

1
2
× 3

2
3 (𝜋

2
)
1
3 . (5.11)

n Fig. 9, we can see the behavior of the corrected equation of state
or various values of the black hole charge. It shows that a van der

aals equation of state may be a holographic dual picture of a charged
dS black hole in four dimensions. Applying the conditions (2.17) and

2.18), we find the following equation,

1𝑉
10
𝑐 + 𝑐2𝑉

8
𝑐 + 𝑐3𝑉

6
𝑐 + 𝑐4𝑉

4
𝑐 + +𝑐5𝑉 2

𝑐 + 𝑏 = 0, (5.12)

here we defined

1 = −27(6𝜋)2∕3,

2 = −𝜋4∕3(28𝑙2 + 648𝑄2),

3 = 6
1
3 (−28𝜋𝑙2 + 422𝜋𝑄2 + 72𝜋2𝑄2𝑙2𝜋2 − 90),

𝑐4 = (6𝜋)2∕3(248 ×𝑄2 + 4𝑄2𝑙2(−84 + 2 × 78𝜋)

− 32𝑙2 + 72𝑄4𝑙2𝜋),

𝑐5 = 78 × 24𝑙2𝑄2𝜋4∕3 +𝑄4𝑙2𝜋26
1
3

×4(2016 − 284 × 62∕3𝜋1∕3),

= −2304 × 6(1∕3)𝜋2𝑄4𝑙2. (5.13)

ritical volume is dependent on 𝑄 and 𝑙. Finally, the Joule-Kelvin
coefficient [31],

𝜇𝐽𝐾 =
( 𝜕𝑇
𝜕𝑃

)

𝐻
= 1

𝐶𝑝

(

𝑇 ( 𝜕𝑉
𝜕𝑇

)𝑝 − 𝑉
)

, (5.14)

is drawn by Figs. 10 and 11. In the presence of the exponential correc-
tion, we can see one extra divergent point due to the modified geometry
of black holes at quantum scales. There is also a local maximum in the
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Fig. 9. Charged AdS black hole equation of state for 𝜂 = 1 and 𝑄 = 0.25 (Black),
𝑄 = 0.31 (red), 𝑄 = 0.35 (blue), 𝑄 = 0.4 (green), 𝑄 = 0.45 purple and 𝑄 = 0.47 pink for
𝑙 = 3. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Fig. 10. Joule Kelvin coefficient versus 𝑟0 for 𝜂 = 1 and 𝜂 = 0 for 𝑄 = 0.3 and 𝑙 = 0.9.
For interpretation of the references to color in this figure legend, the reader is referred
o the web version of this article.)

Fig. 11. Joule Kelvin coefficient versus 𝑟0 for 𝜂 = 1 and 𝑄 = 0.3 (black), 𝑄 = 0.5 (Blue)
nd 𝑄 = 1 (red) 𝑙 = 0.9.

oule-Kelvin coefficient for the larger black hole charges, which may
e due to the maximum changes in the black hole temperature.

. STU black hole

The STU black hole may be given by the following line element [33],

𝑠2 = −
𝑓 (𝑟)


2
3

𝑑𝑡2 +
1
3 ( 𝑑𝑟

2

𝑓 (𝑟)
+ 𝑟2

𝑅2
𝑑𝛺2

3), (6.1)

where,

𝑓 (𝑟) = 1 − 𝑀 + 𝑟2 ,
7

𝑟2 𝑅2
 =
3
∏

𝑖=1
𝐻𝑖,

𝐻𝑖 = 1 +
𝑞𝑖
𝑟2
, 𝑖 = 1, 2, 3, (6.2)

where 𝑅 is the constant AdS radius, while 𝑟 is the radial coordinate
along the black hole. Also, 𝑞 is the electric charge, and it is possible to
consider 𝑞1 = 𝑞2 = 𝑞3 = 𝑄 for simplicity. The thermodynamics of the
STU black hole can be found in Ref. [34].

with comparing (6.1) with (2.1), we have:

𝑔(𝑟) = 1


2
3

, 1
ℎ(𝑟)

= 
1
3

𝑓 (𝑟)
. (6.3)

Considering the STU black hole quantities, we have:

𝑀 =
𝑄3 + 3𝑄2𝑟20 +𝑄3𝑟40 + 𝑟60 + 𝑟40𝑅

2

𝑟20𝑅
2

𝑇0𝐻 = 1
2𝜋

√

√

√

√

(𝑄3(𝑟40 − 1) + 𝑟40(2𝑟
2
0 + 𝑅2))2

𝑟40(𝑄 + 𝑟20)
3𝑅4

𝑆0 = 1
4𝐺𝑅3

(𝑟30
√

(𝑟0)) (6.4)

f we have:

(𝑟) = 1 − 2𝑀 ′

𝑟
+ 𝑄2

𝑟2
+ 𝑟2

𝑙2
. (6.5)

nd put 𝑀 ′ ⟶ (1 − 𝛼)𝑀 where 𝛼 = 𝜂𝑒−𝑆0 then with (2.8) we have the
following corrected temperature,

𝑇𝐻 = 1
2𝜋(1 − 𝛼)

√

√

√

√

(𝑄3(𝑟40 − 1) + 𝑟40(2𝑟
2
0 + 𝑅2))2

𝑟40(𝑄 + 𝑟20)
3𝑅4

, (6.6)

y using the first law of thermodynamics (2.3), we can obtain the
orrected entropy as,

= 𝑆0 + 𝜂𝑒−𝑆0 (6.7)

6.1. Thermodynamics

The specific heat for STU black hole is obtained as:

𝐶 =
𝛽18𝜋2𝑇 2

0𝐻 (1 − 𝛼)2

8𝜋2𝛽1𝛼𝑇 2
0𝐻 + 𝛽2(1 − 𝛼)

, (6.8)

where

𝛽1 =
𝑆0

(𝑄 + 𝑟20)

2 = −4𝜋2𝑇 2
0𝐻 ( 4

𝑟0
+

6𝑟0
(𝑄 + 𝑟20)

)

+
4𝜋𝑇0𝐻

𝑟20(𝑄 + 𝑟20)
5∕2𝑅2

. (6.9)

In Fig. 12, we can see the specific heat of the STU black hole to show
that there is a phase transition point at small radii in the presence of
the exponential correction. Also, in Fig. 13, we can see the effects of
black hole charge and see for the black curve, 0 < 𝑟0 < 0.6 specific heat
is negative, which is a sign of instability.

Helmholtz free energy is calculated as follows,

𝐹 =
(𝑄3(−1 + 𝑟40) + 𝑟40(2𝑟

2
0 + 𝑅2))

𝑇0𝐻𝑅7(32𝜋2𝑟20)

( 1

𝑟50

√

(𝑄+𝑟20)
3

𝑟60

(−𝑄3(2 + 𝑟40) + 𝑟40(6𝑄 + 𝑅2)

+ 6𝑄2𝑟20𝐿𝑜𝑔[𝑟0] + 3𝑄𝑟20(−3𝑄 +𝑄3 + 𝑅2𝐿𝑜𝑔[𝑄 + 𝑟20])

+
𝜂
3
(
𝑄3(143 + 28𝑄2) + 10𝑟60 + 𝑅2(28𝑄2 − 1120𝑅4)

2
2𝑅 35(𝑄 + 𝑟0)
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Fig. 12. Specific heat of STU black hole versus 𝑟0 for 𝜂 = 1 and 𝜂 = 0 with 𝑄 = 0.3
and 𝑅 = 0.9. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Fig. 13. Specific heat of STU black hole versus 𝑟0 for 𝜂 = 1, 𝑄 = 0.2 (red), 𝑄 = 0.3
(blue) and 𝑄 = 0.6 (black) and for 𝑅 = 0.9.

560𝑅6(−3𝑄 +𝑄3 + 𝑅2)
35(𝑄 + 𝑟20)

2
[
1 −𝑄2 − 𝑟20

𝑄 + 𝑟20
]

+
3𝑟20(16𝑄 + 21𝑄3 + 21𝑅2)

35(𝑄 + 𝑟20)
[−3𝑟20 +𝑄]) −

(𝑄4 − 16𝑄𝑅6)
𝑟20(𝑄 + 𝑟20)

+
6𝑄7∕2𝐿𝑜𝑔[ 𝑟0

𝑄+
√

𝑄(𝑄+𝑟20)
]

(𝑄 + 𝑟20)
3∕2

)) (6.10)

with the volume 𝑉 =
𝑟40
4𝑅3 (1+

𝑄
𝑟20
)
3
2 and Eq. (6.10), we can find pressure:

=
𝜔1𝜔2(𝑄 + 𝑟20 +

√

𝑄(𝑄 + 𝑟20))

2(𝑟30(𝑄 + 𝑟20)
2(
√

𝑄 +
√

𝑄 + 𝑟20)𝑅
2(𝑄 + 4𝑟20))

×

(

1 −
𝜂

4(𝑄 + 𝑟20)
3∕2𝑅2

)

(6.11)

where

𝜔1 = 2𝑄4 + 5𝑄3𝑟20 + 2𝑄4𝑟40 + 8𝑄𝑟6 −𝑄3𝑟60
+ 2𝑟80 + 2𝑄𝑟40𝑅

2 − 𝑅2𝑟60,

𝜔2 = 𝑄3 + 3𝑄2𝑟20 + 3𝑄𝑟4 + 𝑟60 − 16𝑅6. (6.12)

We can find Gibbs free energy via the equation 𝐺 = 𝐹 + 𝑃𝑉 . Applying
the conditions (2.17) and (2.18), we can find the numeric solution that
depends on 𝑄 and 𝑅. In Fig. 14, we can see different critical volume
for 𝜂 = 0 and 𝜂 = 1.
8

I

Fig. 14. Critical volume of STU black hole versus 𝑄 for 𝜂 = 1 and 𝜂 = 0 for 𝑅 = 5.

Fig. 15. Joule Kelvin coefficient of STU black hole versus 𝑟0 for 𝜂 = 1 and 𝜂 = 0 for
𝑅 = 0.9 and 𝑄 = 0.6.

.2. Joule-Kelvin expansion

The change of 𝐸 in an isothermal expansion is

▵ 𝐸 = ∫

𝑉2

𝑉1

[

𝑇
( 𝜕𝑃
𝜕𝑇

)

𝑉
− 𝑃

]

𝑑𝑉 . (6.13)

egarding cooling or warming, one can define the Joule-Kelvin coef-
icient given by Eq. (5.14). So, the behavior is drawn by Figs. 15 and
6. We can see that at the small radii, the Joule-Kelvin coefficient is
ositive.

. Conclusion

From a quantum perspective, black holes undergo mass reduction
ue to Hawking radiation [35–39]. This reduction may lead to either
table black holes or their complete evaporation. Understanding the
uantum corrections impacting black hole thermodynamics is crucial
n determining the final fate of a given black hole. Recent proposals in-
roduced non-perturbative corrections to black hole entropy, notably an
xponential term [17], which predominates at infinitesimal black hole
izes. The key inquiry revolves around the genesis of this exponential
orrection.

In our study, we employed holographic principles and thermo-
ynamic relations to derive modified metrics for select black hole
olutions, facilitating the generation of corrected entropy that adheres
o the proposed exponential correction [17]. Our calculations demon-
trate that by redefining the black hole mass, we can attain corrected
lack hole thermodynamics consistent with the findings seen in [17].
nitially, our focus lay in deriving the corrected metric representative
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Fig. 16. Joule Kelvin coefficient of STU black hole versus 𝑟0 for 𝜂 = 1 and 𝑄 = 0.5
black), 𝑄 = 1 (red) and 𝑄 = 1.5 (blue) for 𝑅 = 0.9. (For interpretation of the references
o color in this figure legend, the reader is referred to the web version of this article.)

f a quantum black hole and subsequently evaluating its implications
cross various established black hole models. Our investigations un-
erscored the profound influence of quantum effects on the structural
spects of black holes. Departing from conventional statistical method-
logies, we leveraged holography to derive modified entropy, thereby
nabling the acquisition of the corrected metric. This stands in contrast
o existing literature, which predominantly concentrates on modifying
ntropy without delving into potential alterations in the black hole’s
patial geometry. Our study firmly establishes that quantum effects in-
eed exert a tangible influence on the black hole’s spatial configuration.
onsequently, we affirm that the exponential correction significantly

mpacts the stability of black holes.
While the primary focus of this study was on non-spinning black

oles, examining the impacts of rotating black holes presents an intrigu-
ng and unexplored area. Analyzing the modified metric in the context
f rotating black holes could yield significant insights, especially in
elation to the Banados, Silk, and West (BSW) mechanism [40–42]. Ex-
loring how quantum corrections influence rotating black holes might
nveil novel phenomena, providing deeper insights into the dynamics
f these cosmic entities. This remains a prominent avenue for future
esearch, poised to be on our immediate agenda.
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