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1. Introduction

It is important in the literature to know when the spectral parameter is both in the equation and boundary conditions,
whether the spectral analysis changes or not. There are a lot of works that answer that question. How the approach to
such problems should be done belongs to Friedman [5]. Following this work, a lot of problems have been studied in this
area [6,8,18]. But in all these works, the boundary value problems are selfadjoint and so their eigenvalues and eigenfunctions
are real. On the other hand an important class of nonselfadjoint operators is the class of dissipative operators. It is well-
known that all eigenvalues of a dissipative operator lie in the closed upper half-plane. But this analysis is so weak, namely,
there is no answer to the question of whether the linear combinations of all eigenfunctions and associated functions span
the whole space or not. It is fortunate that there are some methods answering these questions. One of these methods is the
functional model belongs to Sz.-Nagy-Foias [12]. In this method the characteristic function of contractive operators may
answer the question of whether the eigenfunctions and associated functions are complete or not. But the direct method to
pass to the characteristic functions is hard. However, the Lax-Phillips scattering function can be identified as a characteristic
function of a maximal dissipative operator in case the subspaces D_ and D of a Hilbert space H, called the incoming and
outgoing subspaces, respectively, satisfy the conditions,

(1)UD_CcD_, t<=<0; UD, CD,, t>0,
@ (UD- =[|UDs = {0},

t<0 t>0

3 Jub, = Jub- =H,
t<0 t>0

4 D_ LD,

where U; is a unitary group [9].
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Nonselfadjoint boundary value problems were investigated in detail in [2,3,14,15].

On the other hand, regular selfadjoint (symmetric) boundary value transmission problems (BVTPs) have been investi-
gated in recent years. There are a lot of works about the spectral analysis of such operators [1,10,17].

In this paper we investigate the singular dissipative BVTPs with the spectral parameters in the boundary conditions. We
show that all eigenfunctions and associated functions of these problems are complete in the space Lf“ (£2).

2. Construction of the maximal dissipative operator with the help of the operator-theoretic formulation

Let us consider the differential expression

2_ 1
Ly) = L |:—y” + e 4y + q(x)y:| , xe(0,0)U(c,00),
w(x) X2

where0 < v < 1.Weset £2; := (0, ¢), £2; := (c, 00) and 2 = £2,U2,. The point c is regular for the differential expression
£. The functions w and q are real-valued Lebesgue measurable functions on £2 and w, q € L}OC(.Qk), k=1,2,w(x) > 0for
almost all x € £2. The point c is regular if w, g € L'[c — €, ¢ + €] for some € > 0.

We can introduce the Hilbert space Lfv (£2) consisting of all complex-valued functions such that f0°° w(x) |y®)|? dx < oo
with the inner product

¥.2) = f W)Y ()T dx.
0

Denote by D the linear set of all functions y € sz(.Q) such that y’ is a locally absolutely continuous function on §2; and
§25,and £(y) € Lﬁ,(Q). Since c is a regular point for £(y), one-sided limits y(c+), y'(c£) exist and are finite. We define the
maximal operator L on D by the equality Ly = £(y).

For arbitrary y, z € D we set [y, zlx := W[y, Zlx := (yZ' — y'Z)(x). Green’s formula

/ w(x)€(y)zdx — f wXYL@)dx = [y, z]c— — [v, Zlo + [V, Zloo — [V, 2]t
0 0

implies that, for all functions y,z € D, the limits [y, z]o = limy_o+[y, zlx, [V, Zlex = limy_ [y, z]y and [y, z]o =
lim,_, 4 o[y, z]x exist and are finite.
Denote by Dy the linear set of all function y € D such that

[y.zlo = y(c—) =y'(c—) =y(c+) =y (c+) = [y, 2]c =0,

for arbitrary z € D.

Let us denote the restriction of the operator L to Dy by L. It is clear that Ly is the minimal operator generated by ¢. The
minimal operator Ly is a symmetric operator with deficiency indices (n, n) (2 < n < 4)and L§ = L [4,16,19].

Assume that w, g are such that Weyl!’s limit-circle case holds at 0 and oo, i.e., the symmetric operator Ly has the deficiency
indices (4, 4) [4,16,19]. There are several sufficient conditions that guarantee Weyl’s limit-circle case [7,13].

s €2 R e . .
oo XEFland v = {”1 X €1 satisfying

Letussetu:[uz’ xe 2 vy, xe

ur(k) =1, ujk) =0, wu =1, uy,d =0,
v1(k) =0, v;(k) =1, v () =0, vé(l) =1,

where k € 21 and | € £2,. Then {u, v} is the fundamental system of the equation £(y) = 0 (x € £2).
Let us consider the BVTP as

Ly)=Ay, yeD,xef2, (2.1)
aily, ulo — ealy, vlo = A (e Ly, ulo — 5[y, vlo) (2.2)
[y, uloo — Ay, vleo = O, Sh >0, (2.3)
yiy(c—) = d1y(c+), (2.4)
yay'(c=) = 8y (c+), (255)

where X is a complex spectral parameter, aq, o], oz, &) € R := (—00, 00), p := ajaz — eyt > 0, y1y5 > 0and 8,8, > 0.
It is important to construct a suitable Hilbert space to analyze the BVTP (2.1)-(2.5). So we introduce the Hilbert space
H:=1 (1) &L} (£2,) ®C = L, (£22) ® C with the inner product

(Y. Z)y = 1y / w1 ()Y (X)z(X)dx + 815, / wr (X)y(x)z(x)dx + %y@,
0 c

z1 wy(x), X € 2.

whereY = (y;’l‘)) 7 = (Z(")) and w(x) = {w1(X), X €2
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Let us adopt the notations: R_(y) = a1[y, ulo — a2y, vlo, R_(¥) = oy, ulo — &5y, vle, Ry ¥) == [, uloc — h[y, V],
Ri(y) = y1y(c—) — 81y(c+), Ro(y) := y2y'(c—) — &2/ (c+).
Denote by D(A) the linear set of all vectors Y = (y;);)) € Hsuchthaty € D,R,(y) = 0,R;(y) = 0,R;(y) = 0 and

R _(y) = y1. We define the operator A;, on D(Ap,) as follows
~ £
ALY = £L(Y) = ( ) ) .

R-
Thus, we can pose the BVTP (2.1)-(2.5) in H as
y(x) )
AY =AY, Y= ( , € D(Ap).
R_(y)

Now, let us define two “basic” solutions of (2.1) as ¢(x, A) = {gg i; e g; and x (x, A) = {Qg i; *e g; satisfying

the initial and transmission conditions

[¢1, ulo = a2 — Aaty, @1, v]o = @1 — A,
[X2a u]oo = h» [X27 U]oo = 1,

and

ba(c+, 1) = Sy—jcpwc—, 2. Pyt x) = Sy—jqb;(c—, ),

81 ) 85
xi(c— A) = —xa(c+, 1), xj(c—,A) = = x5(c+, A).
Y1 Y2

We set A1(X) = W1, x1lx = [d1, X1lx (x € £21) and Ay (A) == W2, x21x = [¢P2, X2]x (x € §2,). From the constants
of the Wronskians and using the transmission conditions at the point c for the solutions ¢ and y, we have

8167

A(L) = A(A), VYreC.

12

So the zeros of A1 and A, coincide.
If we define A(A) = A1 (A) = %AZ(A), then from the definition of A we get that the function A is the entire function.

It is clear that the eigenvalues of the BVTP (2.1)-(2.5) coincide with zeros of A.

Theorem 2.1. The operator Ay, is maximal dissipative in the space H.

Proof. A, is dissipative in the space H. In fact, let Y € D(A) (D(Ay) is dense in H). Then
(AnY, Y)y — (Y, AnY)y = v1iv2ly, Y- — vivalys ¥lo + 81821y, ¥loo

=815 les + 22 [R- WD) - K 0R-0)] (26)
If we use the equality
[V, ¥loo = [y, Ulool¥, V1o — [, Voo Uloo
and (2.3) we have
[y, ¥]oo = 2i30 |y, U]oo|2 . (2.7)
Since y satisfies transmission conditions we obtain
3162
W, ylec = —[y, yles- (2.8)
Y1Y2
Further, the direct calculation gives
R-(WR_(y) — R_()R-_(¥) = ply, ¥lo. (2.9)

Now inserting (2.7)-(2.9) in (2.6), we have
(AhY7 Y)H - <Y7AhY>H = 2181823’1 |[ys U]OO|2 )

and so Ay, is a dissipative operator in H.
We easily prove that (see [1,10])

(A — \DD(Ay) = H, I <O.

So Ap, is a maximal dissipative operator in H. O
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We shall remind that the linear operator T (with domain D(T)) acting in the Hilbert space H is called completely
nonselfadjoint (or simple) if there is no invariant subspace M C D(T) (M # {0}) of the operator T on which the restriction
T on M is selfadjoint.

Lemma 2.2. The operator Ay, is completely nonselfadjoint (simple).

Proof. Let H' C H be a nontrivial subspace in which A, induces a selfadjoint operator A, with domain D(A;) = H' N D(Ap).
If G € D(A}), then G € D(A)) and

0 = (A'G.G), — (G.AG),

= Yl gl +8i50.21% + 2 [R @R @) - R @R @]

= 2i3h818; |[g, v]so|?,

where [y, z]7 = [y, z],—[y, z],. From this for the eigenvectors Y (x, 1) = {i;g ;; e g;

are eigenvectors of Ay, we have [y,, v]o = 0.From the boundary condition [y,, U] —h[y2, V]eo = 0, we obtain [y;, u]oe = 0
and soy,(x, A) = 0.From the transmission conditions, we gety;(c—, A) = 0andy}(c—, A) = 0. By the uniqueness theorem
of the Cauchy problem for the system £(Y) = AY (x € £2;) we have y;(x, A) = 0. So we have Y(x, A) = 0. Hence by the
theorem on expansion in eigenvectors of the selfadjoint operator A}, we have H' = {0}, i.e., the operator A, is simple. O

of the operator Aj thatliein H" and

Definition 2.3. The system of functions yg, ¥1, ..., yn is called a chain of eigenfunctions and associated functions of the
BVTP (2.1)-(2.5), corresponding to the eigenvalue A if the conditions
Ry (yo) =0,
£(yo) = AoYo, R_(¥0) — *oR_(y0) =0, Ri(o) =0,
Ry(yo) =0,
R+(.y5) = Oa
’ R =0,
09 —hays =y =0, R_(r) — MR — R0 =0, S0 =
2(.Vs) - 07
s=1,2,...,n,

are realized.

It follows from the Definition 2.3 that (see [11]), including their multiplicity, the eigenvalues of the BVTP (2.1)-(2.5) and
the eigenvalues of the maximal dissipative operator Aj, coincide. Each chain of eigenfunctions and associated functions of
the BVTP (2.1)-(2.5) meeting the requirements of the eigenvalue )¢, corresponds to the chain of eigenvectors and associated
vectors Yy, Y1, ..., Y, of the operator A, corresponding to the same eigenvalue Ao. In this case, the equality

Yk:<,y" ) k=0,1,....n (2.10)
R—(yk)

takes place.

3. Scattering function of dilation, functional model of the dissipative operator and completeness theorems

To pass to the theory of Lax-Phillips we shall construct a selfadjoint dilation of the maximal dissipative operator Ay. For
this purpose, we add L?(R_) “incoming” and L2 (R..) “outgoing” channels, where R_ := (—o0, 0] and R, := [0, 00), to the
Hilbert space H and we form the main Hilbert space H as follows

H=[*R.) ®H®[*(Ry).

Let us denoteby P : H — H and P; : H — H the mappings acting according to the formulae P : (¢_,Y, ¢;) — Y and
P;:Y — (0,Y,0).
In the space H, we consider the operator £, generated by the expression

do_ ~ - dpy
L{p_,Y, =(i—,L(Y),i— 3.1
(p @+) <'d§ ()'d; (3.1)
on the set D(Lp): such that ¢ € W21 (Ry), Y € H,y1 = R_(y), satisfying the conditions [y, ulsc — h[y, v]le = ﬁgo_ (0),

[y, ulos — Y, V]se = x%(,04_(0), Ri(y) = 0, Ry(y) = 0, where W, is the Sobolev space and 8% := 23h, 8 > 0. Then we
have

Theorem 3.1. The operator Ly, is selfadjoint in H.
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Proof. Suppose thaty = (¢_,F, ¢1),z= (Y_, G, Y1) € D(Lp). Then we have

(LY, 2y — (¥, L2y = V120f, &le- — v1velf. glo + 81820, gl

=815alf gles + 72 [R-OR-@) ~ R (OR- @] +ip- @7 (0)

- l§0+(0)1ﬂ+(0) = 5 18:1f, gloo + ip— () _(0) — ip+ (0)¢,(0)
= §18f, gl — /32 [([f uloo — hlf, vle) ([g Uloo — h[g U]oo)

- ([f7 u]oo - h[fs U]OO) ([§7 u]OO - h[§7 U]OO)] =

So £y is a symmetric operator in Hand D(£) € D(L}).
It is sufficient to show that £} < L. To prove that £y is selfadjoint, let us consider the bilinear form («£3y, Z)y on
elementsz = (Y_, G, ;) € D(Ly), wherey = (¢p_, 0, 1), ¢+ € W2l (R+), ¢+(0) = 0. Integrating by parts, we obtain

do_ = .doy
(< g d:> W"G"M)H

R N dy_ , dyy
zﬁww,w_ds+z/0 ¢ de = (<<p_,0,¢+> <d§ Ci >)H

where V. € W2l (R+), G* € H. Analogously, ify = (0, F, 0) € D(Ly), then integrating by parts in (/£y, Z)y, we obtain

(LY, Du

I X/ dyry -
Lp2 = <d§ E(G) §>, geb, g1 =R_(g). (3.2)

Consequently, from (3.2), we have (Ly, )y = (¥, £2)y, VY € D(Ly), where the operator £ is defined by (3.1). Therefore,
the sum of the integrated terms in the bilinear form (£py, z)y must be equal to zero:

nvalf, gle- — 818:1f, gl = 0,
P2 R OR @) ~ R OR@) | = yinlf gl =0,

8182 (If , ul[8, v]os — If, V1oolE, tloo) — i1 (0)Yr (0) + ip_(0)yr _(0) = 0.

From the boundary conditions for .£;, we have

and

i[g, U)o ih[g, 00 i[g, Uloo
M{w(m[(m ﬂ>[g, V] — 151 ]—m(o)[l 8. vloo _ 18, 4] “

p p B
=i, (0)¢,.(0) — ip_(0)Y/_(0). (3.4)
Comparing the coefficients of ¢_(0) in (3.4), we get
_ B
lg, uoo — hlg, V]oo = mxh(o). (3.5)
Analogously, comparing the coefficients of ¢, (0) in (3.4), we have
T _ B
lg, uoo — hlg, V]oo = MKM(O). (3.6)

Therefore, conditions (3.3), (3.5) and (3.6) imply D(L};) € D(Lp), hence £, = £L;. O

It is well known that the selfadjoint operator £, generates the unitary group U, = exp(iLxt) (¢t € R) on H. Now let
Z; := PUP; (t = 0). The family {Z;} (t > 0) of operators is a strongly continuous semigroup of completely nonunitary
contractions on H [15].

Denote by By, the generator of this semigroup: B,Y = llmHJrO (Z;Y —Y). The domain of By, consists of all the vectors for
which the limit exists. The operator B, is a maximal dissipative. The operator Ly, is called the selfadjoint dilation of B, [12].

Theorem 3.2. The operator Ly, is a selfadjoint dilation of the operator Ap.



B.P. Allahverdiev et al. / ]. Math. Anal. Appl. 401 (2013) 388-396 393

Proof. It is sufficient to show that B, = A, and hence £}, is a selfadjoint dilation of the operator Ay. For this purpose let us
set the equality (L, —A)~'P;F =z = (Y¥_, G, ¥,). Then we have (£, — AI)z = P;F and therefore £(G) —AG = F, y_(§) =
Y_(0)e™*¢ and ¥4 (¢) = ¥4 (0)e~™¢. Since z € D(Ly), then ¥_ € [*(R_) and therefore v/_(0) = 0. Hence G satisfies the
boundary condition [g, u]s — h[g, v]loo = 0and G € D(Ap). It is known that a value A with I\ < 0 can not be an eigenvalue
of a dissipative operator. So F = (Ay — AI)~! G. Hence, for Y € H and I\ < 0 we have

V818,
B

(L — A 'PrY = <o, (A= AD7Y, (Ig uloo — hlg, V1so) e-'“> :

Applying the mapping P to the last equality, we have

P(Ly—ADTPY = (A, — AD7YY, Y eH, Ir < 0. (3.7)

From (3.7), we obtain

o0
(An — A7 = P(Ly — ADTIP = —iP/ Uce ™ dtp,
0

o0
= —i/ Zee ™Mdt = (B, — A7, I < 0,
0

and from which we have A, = B,. O

Weset H_ = (J,.oU:D— and H; = |J,_o U:D+, where D_ = (I*(R_), 0, 0) and D, = (0, 0, L*(R.)). Using Lemma 2.2
we get that (see [3, Lemma 3.3]) -

H_ +H, —H.
Let 6, (x) = [Egi;; g; e g; is the solution of (2.1) satisfying the conditions
! i

o o
[0 ulg =2, [(B),v]p = —
p p

02, (c+) = ay—j @1 (). (B (c+) = ay—j ), (c—).

and ¢, (x) = [Egi;; g; e g; is the solution of (2.1) given in the Section 2.

Let us adopt the following notations:

[9)»7 U]OO [¢)\7 u]OO ¢)» (X)
A) = ——"—— A) = ——~— ", D, = R 3.8
"= e YT T v ’ ( p ) G8)
o)) +h
Sp(h) = 22 3.9
h(A) o0 +T (3.9)

From (3.8), it follows that w(A) is a meromorphic function on the complex plane C with a countable number of poles on
the real axis. Further, it § possible to show that the function w()) possesses the following properties: IAJw(X) < 0 for all
JA # 0,and w(A) = w(A) for all A € C, except the real poles of w(X).

We set

Vo (x%,§,¢) = <e“f, %n(x) (@) + 1) [6, v]ec) ™" @5, sh(x)e'“>.
102

We note that the vectors V, (x, &, ¢) for real A do not belong to the space H. However, V, (x, &, ¢) satisfies the equation
£V = AV and the corresponding boundary conditions for the operator £j.

We define the transformation F_ : f — f_ (1) by (F_f)(1) == f_(A) = \/% (£, V; ), on the vectors f = (p_, F, ¢,) in
which ¢_, ¢, and f are smooth, compactly supported functions.

The transformation F_ isometrically maps H_ onto L?(R). For all vectors f, g € H_ the Parseval equality and the inverse
formula hold [2,3,9,14,15]:

- o 1T [~
E.ou=(0-,8)p2= [wf—(k)g—(l)dk, f= Ner [wf—(k)Vx dx.

We set
Vi £ Q) = <sh(x>e-“S , J%n(x) (o)) +R) [6;, v1) ' @5, e—"“>.
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We note that the vectors V;r (x, €, ¢) for real A do not belong to the space H. However, VA'" (x, &, ) satisfies the equNation
£LpV = AV and the corresponding boundary conditions for the operator .£. We define the transformation F. : f — f (%)
by (Fif)(M) = fr (L) = ﬁ (f. V"), on the vectors f = (¢_,F, ) in which ¢_, ¢, and f are smooth, compactly
supported functions.

The transformation F, isometrically maps H,. onto L2 (R). For all vectors f, g € H,. the Parseval equality and the inverse
formula hold [2,3,9,14,15]:

- ©° 1 [
&= _Cr.80)p2 = /_oof+()»)g+()»)d)w f= E ./;mf+(A)V;dk.

According to (3.9), the function S;(A) satisfies |Sy(A)| = 1for A € R; therefore, it explicitly follows from the formulae
for the vectors V;” and V;" that

Vo =SV (L e R). (3.10)

Now to construct the scattering function we shall show that D_ and D, possess the conditions (1)-(4) given in the
Introduction. For this, see [2,3,14,15].

According to the theory of Lax-Phillips, F_ is the incoming spectral representation for the group {U;}. Similarly, F
is the outgoing spectral representation for {U,}. It follows from (3.10) that Sy(A) : f- = Sp(A)f,. According to [9], the
scattering function (matrix) of the group {U;} with respect to the subspaces D_ and D, is the coefficient by which the
F_-representation of a vector f € H must be multiplied in order to get the corresponding F,-representation: f; (1) =
Sp(M)f- (1). Accordingly, we have proved the following:

Theorem 3.3. The function S, ()) is the scattering matrix of the group {U,} (of the selfadjoint operator .Lp,).

Let K = (0, H, 0),sothatH = D_ @K & D... It follows from the explicit form of the unitary transformation F_ that under
the mapping F_,

H— ’R), f—f (&), D_—H>, Dy — SH?,

~ o~ 3.11
K — H, ©SH,,  Uf— (F-UFZ'f2) (W) = e™f- (). G0

The formulas (3.11) show that our operator A, is a unitary equivalent to the model dissipative operator with the
characteristic function Sp()1) [2,3,12,14,15]. Since the characteristic functions of unitary equivalent dissipative operators
coincide [12], we have proved:

Theorem 3.4. The characteristic function of the maximal dissipative operator A, coincides with the function Sp()\) defined
by (3.9).

Characteristic function can answer the question of whether all eigenfunctions and associated functions of a maximal
dissipative operator span the whole space or not. This analysis can be done with ensuring that the singular factor s (1) in
the factorization S (A) = s (L) 8 (1) (8B (1) is the Blaschke product) is absent.

Theorem 3.5 ([2,3,14]). For all the values of h with Ih > 0, except possibly for a single value h = hy, the characteristic function
Sh(A) of the maximal dissipative operator Ay, is a Blaschke product. The spectrum of Ay, is purely discrete and belongs to the open
upper half-plane. The operator Ay (h # ho) has a countable number of isolated eigenvalues with finite multiplicity and limit points
at infinity. The system of all eigenfunctions and associated functions of the operator A, (h # hg) is complete in the space H.

Since the eigenvalues of the BVTP (2.1)—(2.5) and the eigenvalues of the operator A, coincide, including their multiplicity
and, furthermore, for eigenfunctions and associated functions of the BVTP (2.1)-(2.5), the formula (2.10) takes place, then
Theorem 3.5 is interpreted as follows.

Theorem 3.6. Let c be regular and the Weyl’s limit-circle case holds at the points 0 and oo for £. Then the spectrum of the
BVTP (2.1)-(2.5) is purely discrete and belongs to the open upper half-plane. For all the values of h with Sh > 0, except possibly
for a single value h = hy, the BVTP (2.1)-(2.5) (h # hg) has a countable number of isolated eigenvalues with finite multiplicity
and limzit points at infinity. The system of eigenfunctions and associated functions of this problem (h # hg) is complete in the
space L, (£2).

4. Eigenparameter dependent nonselfadjoint problems with a singular inner point

In this section we consider the differential expression

21
Ly) = L |:—y” + s 4y—l—q(x)y:| , x€(0,c)U(c, 00).
w(x) x2
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We set 21 := (0, ¢), £2; := (c, 00) and £2 := £2; U £2,. The points 0, ¢ and oo are singular for the differential expression £.
Let 0 < v < 1. The functions w and q are real-valued Lebesgue measurable functions on 22 and w,q € L} (2¢),k =
1,2, w(x) > 0 for almost all x € £2.

Denote by D the linear set of all functiony € Li) (£2) such that y’ is locally absolutely continuous function on §2; and £2;,
and £(y) € Lﬁ, (£2). We define the maximal operator L on D by the equality Ly = £(y).

Green'’s formula

/ w(X)E(y)zdx — / WY@K = [y, 2le — [y 2lo + [V 2loo — [y Zles
0 0

implies that, for all functions y,z € D, the limits [y, z]o = limy_o.[y, Zlx, [V, zlcx = limy_ 1y, zlx and [y, z]oo =
limy_, o[V, ]« exist and are finite.
Denote by Dy the linear set of all function y € D such that
y,zle- =y, 2lo =0,  [y.zlc — [y, 2]+ =0,

for arbitrary z € D.
Let us denote the restriction of the operator L to Dy by Ly. It is clear that Ly is the minimal operator generated by ¢ [4,16,19].
The minimal operator Lo is a symmetric operator with deficiency indices (n, n) (0 < n < 4) and Lj = L[4,16,19].
Assume that w, q are such that Weyl’s limit-circle case holds at 0, ¢ and oo, i.e., the symmetric operator Ly has the
deficiency indices (4, 4) [4,16,19].
uq, XE‘QlandU:{Ul' X € 21

If we consider the functions u = {uz, xe 2 vy xe 2y

£(y) =0 (x € £2) given in the Section 2.
Let us consider the BVTP as

Ly) =LAy, yeD,xe, (4.1)
aily, ulo — azly, vlo = A (Ol;[)’, ulo — o3[y, U]o) ) (4.2)
[y, uloo — Ay, vleo = O, Ih > 0, (4.3)
(4.4)
(4.5)

then {u, v} is the fundamental system of the equation

Y1 D/v u]c— = 51[)’, u]c+,
valy, vle— = &aly, vlet,

where A is a complex spectral parameter, a1, &}, a2, oy € (—00, 00), &ty — ayoe; > 0, y1y, > 0and 818, > 0.
We introduce the Hilbert space H := L2, (£21) @ L}, (£2,) ® C = L3, (£2) ® C with the inner product

oo

Y. Z) = 71y / W1 (OYOZEdx + 15 / w0y @+ Ly,
0

c

where Y = (y;x)) andZ = (Z(X)) and w(x) = {wl(x)’ xe

1 21 wy(X), X€ 2.
Following the same method given in Sections 2-3 we arrive at the following results.

Theorem 4.1. Let Weyl’s limit-circle case holds at the points 0, ¢ and oo for £. Then the spectrum of the BVTP (4.1)-(4.5) is purely
discrete and belongs to the open upper half-plane. For all the values of h with 3h > 0, except possibly for a single value h = hy,
the BVTP (4.1)-(4.5) (h # hg) has a countable number of isolated eigenvalues with finite multiplicity and limit points at infinity.
The system of eigenfunctions and associated functions of this problem (h # hg) is complete in the space sz (£2).
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