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1.Introduction

Boundary value problems with a spectral parameter in equations and boundary
conditions form an important part of spectral theory of operators. Many studies
have been devoted to boundary value problems with a spectral parameter in
boundary conditions (see [1-5]).

In this paper, an operator which has the same eigenvalue on the problem that
is discussed in terms of boundary value problem and is introduced in the space
12 (N) has been constructed. Then we obtained the eigenvalues and eigenvectors
of operator generated by boundary value problem.

A matrix of the form of an infinite Jacobi matrix is defined by

bo a 0 0 0
ag bl a1 0 0
0 a1 bg a9 0

J— R



where a,, # 0 and Ima,, = Imb, = 0 (n € N). For all sequence y = {y,}
(n € N) composed of complex numbers ¥, y1, ... denote by ly sequence whose
components (ly), (n € N) is defined by

1 1
l o= —(J = —(b
(ly)o wo( Y)o wo( 0Yo + aoy1)
1 1
Y)n = = w—(]y% = ;(an—lyn—l + bp¥n + anYni1), n > 1,

where w,, > 0 (n € N). For two arbitrary sequences y = {y,} and z = {z,}
Wronskian of them is defined by

Wn(y7 Z) = [y,?]n = an(ynzn—l - yn-i-lzn)(n € N)-
Then for all n € N

(1.1) Z {w;(ly);Zj — wjy;(12);} = = [y, 2], (nEN)

equality is called Green’s formula.
To pass from the matrix J to operators let’s construct Hilbert space 12 (N)
(w := {w,} n € N) composed of all complex sequences y = {y,} (n € N)
o0

provided Z W, |yn|2 < o0, with the inner product (y,z) = Z WnYnZn- Let’s
n=0 n=0

denote with D the set of y = {y,} (n € N) sequences in [2(N) providing

ly € 12(N). Define L on D being Ly = ly. For all y,z € D , we obtain existing

and being finite of the limit [y, 2], = lim [y, 2], from (1.1). Therefore, passing

to the limit as n — oo in (1.1) it is obtained

In {2 (N) we consider the linear set D, consisting of finite vector having only
finite many nonzero components. We denote the restriction of L operator in D,
by Ly. It is clear from (1.2) that L operator is symmetric. The clousure of L
operator is denoted by L. The domain of L, operator is Dy and it consists the
vector of y € D satisfying the condition [y,z] . = 0 Vz € D. The operator
Ly is a closed symmetric operator with defect index (0,0) and (1.1). Moreover
L =L (see [1] = [4],[6] — [9]). The operators L, L are called respectively the
minimal and maximal operators. The operator Lg is a self adjoint operator for
defect index (0,0). That is L§ = Lo = L.

Let the solution of equation of

(13) Ap—1Yn—1 + bnyn + AnYn+1 = Arwnyn (n = 1a 2a )



satisfying initial conditions of

) RO =LAN =0 000 = 0,000 = -

ag ag
be P(A) = {P,(A)} and Q(\) = {Q»(\)} where the function P,()) is called
the first kind polynomial of degree n in A and the function @, (1)) is called the
second kind polynomial of degree n — 1 in A\. For n > 1 P(\) is a solution
of (Jy)n = Awnyn is Pp(A). However because of (JQ)o = boQo + apQ1 =
bo0 + aoi =1%# 0= AQo, Q(N) is not a solution of (JQ), = Aw, Q. For
n € N and under boundary condition y_; = 0, the equation (Jy), = Aw,yy, is
equivalent to (1.3). The Wronskian of the solutions y = {y,} and z = {z,} of
the equation (1.3) is as follows

Wn(y7 Z) = an(ynzn+1 - yn+lzn) = [yvz]n ) (n € IN)

The Wronskian of the two solutions of (1.3) does not depend on n, and two solu-
tions of this equations is linearly indepent if only if their Wronskian is nonzero.
From Wronskian constacy, Wy (P, Q) = 1 is obtained from the condition (1.4).
Consquently, P(\) and Q()) form a fundamental system of solutions (1.3).

Suppose that the minimal symmetric operator Ly has defect index (1,1) so
that the Weyl limit circle case holds for the expression ly (see[l] —[4], [7] —[9]).
As the defect index of Ly is (1,1) for all A € C the solutions of P(\) and Q(X)
belong to [2/(N). The solutions of u = {u,} and v = {v,} of the equality (1.3)
be u = P(0) and v = Q(0) satisfying the initial condition of

b
Uozl, Ulz—i, 1}0:0, v = —
aon aon
while A = 0. In addition it is u,v € D and

(Ju), =0, (n € IN), (Jv),=0,n>1

Lemma 1. For arbitrary vectors y = {yn} € D and z = {z,} € D it is

v, 2], = ly, ul,, [, 0], = [y, 0], [z, (n € NU{oo})

Theorem 2. The domain Dy of the operator Ly consists precisely of those
vectors y € D satisfying the following boundary conditions

[Y, ul oo = [y, v] 5 = 0.



Consider boundary value problem

(1.6) Yo+ hy_1 =0, Imh >0
(1.7) a1 [y, vl — a2 [y, ulo, = Aoy [y, 0] — ag [y, ul)

for the following difference expression

1 1
l o= —Jy)o=—(b
(ly)o wo( Y)o wo( 0Yo + aoyi)
1 1
(ly)n o= E(Jy)n = win(anflynfl + bpYn + anyn+1>7 n>1

where A is spectral parameter and o, as, all, a/2 € R and « is defined by

’
o 041 ’ ’
a:=|1 = oy — oy > 0.

Qo Q2

Let’s suppose that the followings

Moo (y) =ay [y, v — 2y, vl ,
M(y) + =a)[yv] —asly.ul,
N?(y) =Y-1,

N3(y) : =uwo,

N (y) =[y,v] o,

N3°(y) = [y,u]

Mo(y) : = N3(y)+hNP(y).

Lemma 3. For arbitrary y,z, € D suppose that Mao(2) = Moo (2), M. (2)

M (z) and NY(z) = NY(z), N9(z) = N9(z) then it is

oo

i)

(1.9) [y, 200]) =
ii)

(1.10) [y, 2], = NP (y)-N3 (2) — N7 (2)-N3 (y)




Proof. i)

Mo )M () — Moo () M2

QIR

(01 [y ]y = a2y ul.) (0 (0] — 0[5, )
= (01 Iy vl — 02 [y, 1l (0 [2:0],, — 02 [Z0l,0))
= Lot ([, vl (2] — [yl 5:0].0)
—a1ay (0] [, Ul — [y ) [2:0),0)

= L {(ahas - ma) (vl Bl — sl 5101,0)]

From Lemma 1 it is obtained

it) is similar to ).

2. Linear Operator Generated by Given Boundary Value Problem in
Hilbert Space

Supposing f(M) € 12 (N), f®?) € C we denote linear space H = 2 (N) @ C with

N f(l) . Oé’ (03] .
two component of elements of f = f(z) . Supposing « := o/l o | if
9 Q2
a >0 and
—~ 1) (1)
fz(?m)ﬂ:<3m>€Hf“=UWx¢”=@anaw

then the formula

(2.1) (f, g) =5 g0, + éf@)g(z)

n=0

defines an inner product in H Hilbert space. In terms of this inner product, H
linear space is a Hilbert space. Thus it is Hilbert space which is suitable for
boundary value problem has been defined. Suitable for boundary value problem
let’s define operator of Ay : H — H with equalities

~

(2.2) Dmm={f=(ﬁ2)eHﬁﬂ”e&A@U@=Mgumﬁ



and
o~ (1)
(2'3) Anf = l( ) = ( ]\joif(f(z)) >

Lemma 4. In Hilbert space H = 12/(N) @ C for Ay operator defined with
equalities (2.2) and (2.3) the equality

(4n7.3) = (£ A4n3) = [, 90], - [f“> 9],

(2.4) . S
4 [ Moo (PO ML (D) = Mo (FO) Moc(gD)

s provided.

Proof. From (1.8) and (2.1) it is

N
~ 1
(479) ¢ =3 (a2 bl + an )

n=0 "

1 [ 1 —
= Moo fOML (M) + = Moo VM (g')
«Q «
N

= S (@t SO bt + anf)gD

n=0

1 R
+— Moo [ ML (g')
(0%

N
= Z(an lfnl)lgn + by, f(l)gnl)‘f'anfnJrlg'Szl))
n=0

M PR (g D)
o
© s A 5 o

+blf11)§1 +a1f (1)+ +aN lfN 17(1)

"‘beJ(vl)gg\lf) +aNfN+1) + M f ( (1))
Similarly it is
SR
~ 1
(fa Ahg)N L= ,L;O W, (an— 1951)1 + bngi ) +a glel)f(l)wn

FIML (O (o)



N

1. —
- Z(an lggL 1t bngn) + angr(zl-&)-l)fv(zl) + aMoo(f(l))Moo(g(l))
n=0
N

= > (@na FI0 )+ ba fID + anfPgll)

n=0

ML Mg )

= aif (1)+b0f(1) &+ aof§)gt! )+a0f( Ngy)
+b1 £ l)gl +a; f (1) +..+an- 1fN gN 1 +be(1)
+(1Nf )QNZr + aMoof(l)Mc;o(g(l))

Thus it is obtained:

(Ahf,/g\)N - (f, Ah/g\)N = 6L1f£11)§81) - a—lf(gl 7% +aNfN+19N)
—an (1))95\1]3,_1 l]\400]0(1)‘]\47(;0(g(l))
1 ’
—— M, (fu)) Mo(gV)

= a (f(l)go — fog") — an(F 7V

— g\ + fMoo<f<1>>Moo<g< )
——M ()Mo (g™

= [f( ),9(1)} [fl,g(”] Moo (fM)M
——M o (F) Mg ™)

As N — oo, passing to limit, it is obtained

(07) - (F) = [0~ [r0.50],

| =

Theorem 5. A;, operator is dissipative in H space.

()

Proof. For y = {y,} € D(Ax) and D (Ap) = H, from equality (2.4), it is



obtained
(g D) = @ Ang) = [y0y0] [y ]
oo

1

g [ (v MG - M (4) W )]

—1

R

Because of (1.9), it is

(449, 9) — @ And) = [y @,y

-1
and from (1.10), it is obtained

(49.9) — (7 An) = NP (yD)NS () = NP )N ()
because of My(y) = 0 and N9 (y(M) = —ANP(y(M)), it is obtained

(An3.9) = @, A7) = NPy (=RNT D) + NP (EH)aNT (v )
(h = BY(ND ()N ™D)
(h ) [P )|

2
2iIm h ‘N?(y(l))‘

Therefore, it is
2
Im (An3,5) = Imh ‘N{)(y(l))’ >0 (Imh>0)

That is Ay, operator is dissipative in H space.

3. The Eigenvalues and Eigenspaces of A; Operator Generated by
Boundary Value Problem in Hilbert Space

For all A € C, the solutions of (1.5) be ¢(\) and x(A) for the following conditions:

(3.1)

From (1.10) for A_;()\) having Wronskian is

A = =DV = =[N, x(M] 4
= =N (6(N)N3(

I
&
¥S
=
>
+
>
=2
o



From (1.9) for A () having Wronskian is

B+ =)0 = ~ [BO) X
= [Maclp) Mo (X(N) — Mo (60) Mao(x()]

Therefore, in terms of the definition of «, it is

As(A) = *é[(a1N{’°(¢(>\)))*azNé"’(fzS(/\))(a'le"(x(/\)))*aéN?(X(/\))

—ay NP (6(N)) = g N5°(6(N) (a1 N7 (x(A)) — a2 N5° (x(A)]
= —é [(ayaz — azan) (NP (6(A)N52 (x(V)) = N5 (¢(A)NE* (x ()]

= L[ NF(6) (01 + M) — NE=(9() (e + Aa)]
= N (6(N) = a2 N57(¢()) + A (1 NT¥(6(N)) — N5 (6(N))
= Mao(9() + AV (6(0))

Lemma.6. Boundary values problem (1.5)—(1.7) has eigenvalues iff it consists
of zeroes of A(N).

Proof. (=) Let A, be zeroes of A_;(\). Then it is

A_1(Ao) = d_1(Ao)X0(Ao) = ¢o(Ao)x—_1(Xo) =0

Forn = —1, because A(X) is the Wronskian of ¢(Ag) and x(Ag) vectors according
to (3.1) the solution of ¢ and x are linearly dependent. That is, a fix number
k # 0 will be found to be ¢(Ag) = kx(Ag). Because of (3.1), ¢(Ao) is a solution
of (1.5) — (1.7). That is A = A, is an eigenvalue.

(<) Let us assume that A = A, is an eigenvalue. Then we show A_1(Ag) =0
and A (A) =0 are true. For A = A let us assume A_1(Ag) # 0 and A (N) #
0.If A_1(Xo) # 0 and Ao (A) # 0, then ¢(Ng) and x(Ng) vectors will be linearly
independent. Thus the general solution of (1.5) equation can be written as

Y (Ao) = c1 (Ao) #(Ao) + c2x(Mo)-

Because of boundary condition (1.6), yo + hy_1 = 0 equality is provided. If
condition (1.6) is considered the equality

c1(¢o(Ao) +ho_1(Ao)) + calxo(Mo) +hx_1(Xo)) =0



will be obtained. In this equality ¢()\g) is a solution providing boundary condition (1.6).
Then we have

c2(Xo(Ao) + hx—1(Ao)) = c2A-1(Ao) =0
As we accepted A_j(Ag) # 0 it is ¢; = 0. Because of (1.6) and ¢z =0 it is

cr{[6(X0), V] (a1 — Aay) = [B(Xo), ul oo (@2 — Aag) } = 180 (Xo) =0

As it is accepted A_1(Ag) # 0 then it is ¢ = 0. As ¢; = 0 and ¢o = 0. Then
y (Ao) = 0. This conradicts A\, being eigenvalue. Thus the proof is completed.
If should we show the zeroes of A_;(\) and A (N) as A, (n=0,1,2,...), the
vectors of

~ X(/\n)
= (1 i) €20

provides equality of ApX,, = AnX,,. That is, the vectors of ,,’s are eigenvectors
of the operator Ay,.

Definition 7. If the system of vectors of yo, y1, y2,..., Yyn corresponding
to the eigenvalue Ay are

L(yo) = Aoy,
Mo (y0) — MMy, (yo) =0,
MO (yO) = 07

l(ys) - /\0ys - y,s—l =0, ;
My (ys) — MMy, (ys) — M, (ys—1) =0,
My (ys) =0,s =1,2,...,n.

Then the system of vectors of yo, y1, ¥y, ..., yn corresponding to the eigenvalue
Ao is called a chain of eigenvectors and associated vectors of boundary value
problem (1.5) — (1.7).

Lemma 8. The eigenvalue of boundary value problem (1.5) — (1.7) coincides
with the eigenvalue of dissipative Ay, operator. Additionally each chain of eigen-
vectors and associated vectors Yo, Y1, Yz, ..., Yn corresponding to the eigenvalue Aoy
corresponds to the chain eigenvectors and associated vectors 4o, Y1, Y2, ---, Yn
corresponding to the same eigenvalue \g of dissipative Ay, operator. In this case,
the equality

~ Yk
Y = ,k=0,1,2,...,n

is valid.

Proof. If @\Q € D(Ah) and Ah:l/jo = )\0@\0, then l(y)o = /\0y07Moo (yo) —
MM, (yo) = 0 and My (yo) = 0 equalities are provided. That is, the eigenvector



of boundary value (1.5) — (1.7) problem is yo. On the contrary, if conditions
(3.3) are supplied then it is (M’y(zyo)) = Yo € D(Ax) and Apfy = Aolo. In
other words, g is the eigenvecto;oof Ay,. Further, if 4o, ¥1, %2, ..., Yn are a chain
of eigenvectors and associated vectors corresponding to the eigenvalue Ay of
dissipative Ay, operator, then it is g € D (A) (k=0,1,2,...,n) and Apyo =
Ao%o, AnrUs = Ao¥s +Ys—1, s = 1,2, ...,n with (3.3) equality, where the vectors
of yo,Y1,¥2, .-, Yn are the first component of yg, Y1, Y2, .., Yn. On the contrary,
we obtain g, = (Mi?yk)) eD(Ap), k=0,1,2,....,n and ApGo = NoYo, Arls =
AoYs+Us—1, s = 1,2, ...,n corresponding to boundary value problem (1.5)—(1.7).
Thus the proof is completed.
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