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Abstract We establish the classical Weyl-Titchmarsh theory for conformable fractional Dirac
system.

1 Introduction

Nowadays, conformable fractional calculus have become a very active area of research. Con-
formable fractional calculus were introduced by Khalil, Al Horani, Yousef and Sababheh in
[12]. Later Abdeljawad [1] defined the right and left conformable fractional derivatives and
conformable fractional integrals. Although classical fractional derivatives (Riemann-Liouville
and Caputo) share some weaknesses, the conformable fractional derivative allows for many ex-
tensions of classical properties in ordinary calculus. For some recent works on the theory of
conformable fractional calculus we refer the readers to [1, 2, 12, 8, 11, 10] and reference therein.

The theory of Titchmarsh-Weyl plays an important role in the spectral analysis of differential
operators. This theory of was introduced by H. Weyl in 1910 ([16]). In [16], the author studied
that the following Sturm-Liouville problem

— () +qy =Xy, 0 < a < co.

Weyl defined the limit-point, limit-circle classification. Since then many authors have expounded
on various features of this theory (see [14, 13, 18, 5, 6, 7]). Recently, in [9], Baleanu et al. studied
the singular conformable Sturm-Liouville problem. They investigated Titchmarsh-Weyl theory.
Allahverdiev and Tuna studied one-dimensional conformable fractional Dirac systems ([3, 4]).
The purpose of this article is to develop Titchmarsh-Weyl theory for a conformable fractional

(CF) Dirac system defined by
{ ~Tay2 +p(2)y1 = Ay e 0,00), (1)

Toyr +r(x)y2 = Ay
where p and r are real-valued functions defined on [0, co) and X is a complex spectral parameter. To
the best of authors knowledge such study has not been reported earlier in the literature.

In this context, we give some basic concepts of conformable fractional calculus (see [1, 2, 12]
for more details). Let o be a positive number with 0 < o < 1.

Definition 1.1. Let g : [0, 00) — R. The CF-derivative of g is defined by

Tog(t) — tim 21 —0lt)

e—0 IS

Definition 1.2. Let g : [0, 00) — R. The CF-integral g is defined by

(1.g) () = [g(a)da@) = [a* g
0 0
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Let L2/(0, 00) denotes the Hilbert space (see [17]) consisting of all functions satisfying the
following
1/2

gl := ( [ s aa (t)> <o

(9.h) = / g (0 hB)da (1),

with the inner product

where g,h € L2(0,0).
Let us consider the following system:

Ty =y, 0 <z < o0, (1.2)

where

-,
Ty::{ y2 + p(x)yi ,y:<y1>,)\eC,

Toyr + r(z)y2 Y

p,7:[0,00) = R,and p,r € L} ,  (0,00),

a,loc

b
L 10e (0,00) == {g: [0,00) = C: / lg (t)] da (t) < o0, Vb € (0, oo)}
0

Now, we shall define an appropriate Hilbert space. Let us consider the following inner prod-
uct in the Hilbert space L2,((0,00); E) (E := C?)

(9,h) = / " (0(0), h(t)) pdor (1)

Theorem 1.3 ([3]). Let ¢;, i = 0, 1, be given complex constants. Then, the CF-Dirac system (1.2)

Y
has a unique solution ¥(x, \) = () such that
IPZ (I, /\)
¥, (O,)\) =cy, P> (0, /\) =c;, e C. (1.3)

Further, for each x € [0, 00), the vector-valued function W(x, \) is an entire function of .
Let D,, be a subset of L2((0, 00); E) such that
D, = {y € L2((0,00); E) : y € AC1,c[0,00): E), Ty € Li((Opo);E)},

where ACj,. ([0, 00); E') denotes the collection of vector-valued functions y which are absolutely
continuous on all compact intervals [0, 5] C [0, 00), Vb € (0, c0).

Lemma 1.4. Following equality holds

/Ox [((ry(®), u(®) g = (y(1), Tu(t)) g] dex ()

= [y, u], — [y, uly, (1.4)

where z € (0,00), y,u € D, and

[y, ul, = 1 () wz () — wi (2)y2 (@)
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Proof. For y,u € D, one has

/ " [ryt).ult))  — (u(t), 7u(t)) ] dae (1)

_ / (<t (6) + p (1) 1 (1)) (D (1)

+ / (T () + (1) o (1) B (Dde (1)
0

- / () Toua®) T p (O m(@)do (1)

-/ o ()T () (D) wa(®))dr (1)

0

- /Oz[(Tww(t))ul (t) + yz(t)TaT(t)]da (t)

[ [T ()20 + 0 (O Tl 0.
0

Thus we get

/ " [ry(0), () 5 — (0), 7u(t)) ] do(t)

o
Let (z, \) and ¢ (z, \) be two solutions of (1.2) satisfying
1 (0,X) =cosd, ¢ (0,\) =sind, (1.5)
¥1 (0,0) = sind, 1 (0, \) = — cos, (1.6)

where 6 € R be fixed.

Lemma 1.5. For z € [0,00) and X € C, following equalities hold

oz, ) = ¢ (z,X),

(z,\) = (m,X) )

<

Proof. By virtue of the fact that ¢(x, \) is a solution of (1.2), we arrive that

—Tap2 +p(x)01 = A1,

Topr + 1(x)p2 = A2,
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where z € [0, 00). Thus, we obtain

- a@_Fp(m)W: 15

It follows from (1.5) that the function o (z, \) is a solution of the following system

~Tpz +p(x)21 = A2y,

Tz +7(2)22 = A2

On the other hand, ¢ (=, X) is also a solution of (1.2)-(1.5). From the uniqueness of solutions,
we conclude that

oz, ) = ¢ (z,A).

Now we define the Wronskian of y and z by

Wy, 2) (z) = yi(x)2 (x) — 21(x)y2 () , (1.7)

where y(z) = ( Z;Ei; > , 2(z) = ( Zéi; > .

Theorem 1.6. Let y and z be two solutions of Eq.(1.2). Then W (y, z) (x) does not depend on
z, 0<zr<oo, AeC.

Proof. From (1.4), we conclude that
/ox [(Ty(td),m)E - (y(t,/\),TM)E} da (t)

= [y, 4], — [v,uly =W (y,u) (x,\) = W (y,u) (0,X).
Since 7y = \y and 7% = A\, we conclude that

[ {00658 = (e, T R e 1)

— (A=) /Ox@(a ), w6 ) wda (1) = 0

= W(y’u) (l’,)\) _W(y’u) (07>‘) (1.8)

This proves the assertion. O

Lemma 1.7. Let y is a solution of Eq. (1.2). Then the following equation holds

f m _ —
[ e M da )= DN W 07 1)

£E>0,v=Im) AeC.

; (1.9)

Proof. Writing u(x, \) = y(x, A) in (1.8), we can get the desired result. i
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2 Main Results

Let us consider the general solution
Y +lp
of (1.2) satisfying

(1 (b, \) + lipy (b, \)) cos B+ (4 (b, ) + L (b, \)) sin B = 0, 2.1)
where b € (0,00) and 3 € R. Then, we see that

_thipcot B+

| = ,
@1,pCot 5+ 2

(2.2)

where

wl,b == 1/11 (ba >‘) ) Q;Z)Z,b == 7/}2 (b7 >‘) )
o1 = @1 (0, \) ;026 = 02 (b, A).

Since ¢ (x, A) and ¢(x, \) are entire functions of A, [ is a meromorphic function of A. Since the
regular CF Dirac system has real eigenvalue, all poles of [ are real and simple. Replacing cot 3
by z yields
| = _w. 2.3)
P1pz + P2

From Theorem 1.6, we obtain

Yipp2,e — @1ty = W (¢, ¢) (b, \)

=W (1h,9)(0,A) =1#0.

The real axis in the z-plane is associated with a circle Cj, (A) in the I-plane. These circles are
called the Weyl’s circles.

The task is now to find P, (A\) and R, (\), where P, (A) and R, ()) are the circle’s center
and radius, respectively.

Theorem 2.1. Following equalities hold

_ _W@,e) (b A
=T oD
wa:(zv /0 ||so(x,A)||éda(x>> 7 25)

where A\ € Cand v=Im\ # 0.
Proof. An easy computation shows that [ (A, z’') = oo if and only if

A ¥2,b )
®1,b

Hence, P, (1)) is given by the formula

Vip (—2) + 2
P1b (—2) R Zx

Pib
_ ipea(b,A) — 1 (b, Ny
o1,602(b,N) — 01(b, M)
W (1, 9)(b,N)
W (e, %) (b,A)
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Moreover, we may write

Ry (A) =

) ’ B
@2 BN W (e, 2) (0, M)
since W, (¢, ¢)(b) = 1. By Lemma 1.7, we have

W (200 =200 [ lote N da).
Thus, we get \
W (2.2 =200l [l A dos(z).
and the theorem follows. O

Theorem 2.2. For all A € C with Im X\ > 0, the exterior of the circle Cy is associated with the
upper half-plane.

Proof. Let A = u + iv, where v > 0. From (1.7), we have
b, A
Im{@z,b} _ L) e " 2 ( ,7)
PLb 2 16 o1 (bA)

_ LW (@) (N
|<P1,b

LW (pp) (b2

2 \@1,b|2
v b 2

= W A (2, M) || g dov () > 0.
1,b

Theorem 2.3. Let ¢)(x, \) and p(x, X) be the solutions of (1.2) satisfying
1 (07 >‘) = COos 67 P2 (07 >‘) = sin 57

1 (0, ) =sind, ¢, (0,\) = —cos 4,
where Im X #£ 0. Then, the solution x = i + ly satisfies the following condition

{wl (ba )‘) + lg‘gl (b7 A)} COSB + {% (ba /\) + l502 (b7 )‘)} Sinﬁ =0
if and only if l is on Cy, with
W (x;X) (b,A) =0.
Letting b — oo, the circles Cy may converge either to a circle C, or a point me. In the limit-

circle (LC) case, all solutions of (1.2) belong to L?((0,); E). In that case, a point is on Cx,
=

lim 1 (1, %) (b, A) = 0.
b—o0

In the limit-point (LP) case, precisely one linearly independent solution in L?,((0,00); E), if
ImA # 0.
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Proof. Let A € C. Then, we find

W +le, b +1p)(0,A)
=W (v,%) (0,A) +IW (,4) (0,A) +IW (1,%) (0, \)

FPW (0,%) (0,A) = —1 + 1= —2iIml.
Using Lemma 1.7,
b
2 /0 (e, A) + Lo, W) da ()

1
= 2(W(z/; +1p, b+ 1p) (b, A) +2i Im1). (2.6)
From Theorem 2.2, [ is inside C}, for v > 0 if Im z < 0. It follows from (2.3) that
__Yap o
Yip+lorp
and
) L { Yoy + oo ¢2,b+l<P2,b}
i(z—2)=1i4 — =T
Yip+loe iy +long
_ W@t U T) (b,
|16 + lors]
Thus
Imz <0 iW (¢ +lp, 9 +lp) (b,\) > 0. 2.7)
From (2.6) and (2.7), we obtain
b
Im!{
| 196e3) + ot V) da () < e8)
0
Moreover, Im z = 0 < the point [ is on C},. Hence
W (¢ +lp, ¥+ lp) (b,A) = 0.
and .
Im!
[ a0+t ) o o) =

Moreover, if the point [ is inside Cp and 0 < k < b, then we have

/0 (e, A) + Lo, N dox ()

b 2 Im!
< I )+ 1ol A do (@) <

i.e., the circle C, contains the circle Cj if k& < b. Consequently, these circles are nested and
may converge to the limit-circle C, or to limit-point m., as b — oco. It follows from (2.5) that
(., A) € L2((0,00) ; E) If Cy — Cwo. Let € € Co. From (2.8), we deduce that

Im¢
—

b
/0 (e, ) + L (e, W) da () <
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Thus, we obtain ¢(., A) +1p(.,A) € LZ((0,00); E). If Cp — Coo, b — oo and Im A # 0, then all
solutions of (1.2) are in the space L% ((0,00); E). If Cyy — Mmoo, b — 00, then lim,_, oo Ry, (A) =
0. From (2.5), we get ¢(.,\) ¢ L%((0,); E) i.e., only one solution belongs to L2 ((0, ); E).
Furthermore, [ is on C, &

o
(

Im!{

|10 + ot ) dar () = 29)
0
By virtue of (2.9), (2.6) and (2.8), we see that [ is on C, <

lim W (4 1,6 +12) (b, 1) =0,

which completes the proof. O

Now, we study the behavior of the solutions of (1.2) around oc.
Theorem 2.4. The equation (1.2) is LP at infinity.

Proof. Let

where ¢ € [0, 00). It is easy to check that

W (0,0) (t) =k #0, t €]0,00).

= (10 ) ot (50,

Then, for

we obtain

= 01(t)¢2 () — ¢1(t)02 (1]
=(p(t),w®))e| < pt)| g lw®)| 5

< 3 U + I 0)1).

It immediately that p and w (also 6 and ¢) can not both lie right in the space L2 ((0, c0); E), which
proves the theorem. O

Remark 2.5. For o = 1, Theorem 2.4 was introduced in [13, 15].

Conclusion. In this study, the Weyl-Titchmarsh theory for a CF-Dirac system is studied.
This paper extends classical Weyl-Titchmarsh theory.
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