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Abstract—1In this paper we study the boundedness of the fractional integral operator I, on Carnot
group G in the generalized Morrey spaces M, ,,(G). We shall give a characterization for the strong
and weak type boundedness of I, on the generalized Morrey spaces, respectively. As applications of
the properties of the fundamental solution of sub-Laplacian £ on G, we prove two Sobolev—Stein
embedding theorems on generalized Morrey spaces in the Carnot group setting.
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1. INTRODUCTION

Carnot groups appear in quantum physics and many parts of mathematics, including Fourier
analysis, several complex variables, geometry and topology. Analysis on the groups is also motivated
by their role as the simplest and the most important model in the general theory of vector fields
satisfying Hormander’s condition. The simplest examples of the Carnot groups are Euclidean space
R"™, Heisenberg group H,, and (Heisenberg)-type groups introduced by Kaplan [1].

For z € G and r > 0, let D(x,r) denote the G-ball centered at z of radius r and CD(x,r) denote its
complement.

Let f € LI*°(G). The maximal operator M and the fractional integral operator I,, are defined by
Mfw) =suplDe ™ [ irwlay

r>0

Iaf(x):/(gp(g_(?%v 0<a<Qa

where @ is the homogeneous dimension of the homogeneous Carnot group G and |D(x, t)| is the Haar
measure of the G-ball D(z, ).

The operators M and I, play an important role in real and harmonic analysis and applications (see,
for example, [2] and [3]).

The Hardy—Littlewood—Sobolev theorem for the fractional integral operator I, holds.
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128 EROGLU et al.

Theorem A ([2],[4]). Let0 < a < Qand 1 <p < Q/a. Then
(1) I 1 <p< Q/a, then the condition 1/p —1/q = «/Q is necessary and sufficient for the
boundedness of I, from L,(G) to Ly(G).

(2)If p=1, then the condition 1 — 1/q = «/Q is necessary and sufficient for the boundedness
of 1o from L1 (G) to W Ly(G).

In the present work, we study Spanne-type boundedness of the operator I, from M, ,, to M ,,,
1 <p < q<oo, and from the space M, to the weak space WM, ,,, 1 < g < oo. Also we study
Adams-type boundedness of the operator I, from Mp,¢1/p(G) to qul/q(G), 1<p<qg< oo, andfrom
the space M ,(G) to the weak space WM, ,1/4(G), 1 < g < co. We shall give a characterization for

the Spanne and Adams-type boundedness of the operator I, on the generalized Morrey spaces, includ-
ing weak versions. As applications of the properties of the fundamental solution of sub-Laplacian £
on G, we prove two Sobolev-Stein embedding theorems on generalized Morrey spaces in the Carnot
group setting.

By A < B we mean that A < CB with some positive constant C' independent of appropriate
quantities. [f A < Band B < A, we write A = B and say that A and B are equivalent.

2. NOTATION AND PRELIMINARY RESULTS

We first recall some preliminaries concerning stratified Lie groups (or so-called Carnot groups). We
refer the reader to the books [3], [5] and [6] for analysis on stratified groups.

Let G be a finite-dimensional, stratified, nilpotent Lie algebra. Assume that there is a direct sum
vector space decomposition

G=Vi® @ Vn, (2.1)

so that each element of V;, 2 < j < m, is alinear combination of (j — 1)th order commutator of elements
of V1. Equivalently, (2.1) is a stratification provided [V;, V;] = Vi;; whenever i + j < mand [V;,V;] =0
otherwise. Let X = Xj,..., X,, be abasis for Vi and X;;,1 < ¢ < k;, for V; consisting of commutators
of length j. Weset X;; = X, i =1,...,nand k; = n, and we call X;; a commutator of length 1.

[f G is the simply connected Lie group associated with G, then the exponential mapping is a global
diffeomorphism from G to G. Thus, for each g € G, there is z = (z;5) € RN, 1<i< ki, 1<j<m,
N =", kj, such that

g = exp (Z a:,-inj>.

A homogeneous norm function | - | on G is defined by

. 1/(2m!)
’g‘ = <Z ‘xiij-/]) ,

and Q = Z;”:l jk; is said to be the homogeneous dimension of G, since d(6,x) = r% dx forr > 0. The
dilation 6, on G is defined by

0r(g) = exp (Z zjin,-j), if g=-exp (Z a:,-inj>.

The convolution operation on G is defined by

f#hiz) = /G fay™h(y) dy = /G F)h(y~ ) dy,

where y~1 is the inverse of y and 2y ~! denotes the group multiplication of z by y~'. It is known that for
any left invariant vector field X on G,

X(f*h)=f=(Xh).

MATHEMATICALNOTES Vol. 102 No.5 2017

{THA:u789}

{sec2:u789%}

{eq2.1:u789}



CHARACTERIZATIONS FOR THE FRACTIONAL INTEGRAL OPERATORS 129

Since G is nilpotent, the exponential map is diffeomorphism from G onto G which takes Lebesgue
measure on G to a bi-invariant Haar measure dx on G. The group identity of G will be referred to as the
origin and denoted by e.

A homogeneous norm on G is a continuous function z — p(z) from G to [0, c0), which is C*° on
G\ {0} and satisfies (1) = p(x), p(6ix) = tp(x) for all x € G, t > 0; p(e) = 0 (the group identity).
Moreover, there exists a constant ¢y > 1 such that

p(zy) < co(p(x) +p(y))  Torall z,ye€G.

We call a curve 7: [a,b] — G a horizontal curve connecting two points z,y € G if v(a) = z,
~v(b) =y and +/(t) € V; for all t. Then the Carnot—Carathéodory distance between x, y is defined
as

b
decl,y) = it [ (/(0), /()"

where the infimum is taken over all horizontal curves v connecting x and y. It is known that any two
points x, y on G can be joined by a horizontal curve of finite length and then d,. is a left invariant metric
on G. We can define the metric ball centered at x and with radius r associated with this metric by

Bee(z,r) ={y € G : dee(z,y) <1}

We must notice that this metric d.. is equivalent to the pseudo-metric p(z,y) = |2~ 1y| defined by
the homogeneous norm | - | in the following sense (see [2]):

C'o(z,y) < dec(z,y) < Cp(z,y).

We denote the metric ball associated with p as D(z,r) = {y € G : p(x,y) < r}. Animportant feature
of both of these distance functions is that these distances and thus the associated metric balls are left
invariant, namely,

dcc(ZLZ', Zy) = dcc(xy y)a Bcc(xa T) = chc(ea T)
and

plzz,zy) = p(x,y),  D(z,r)=xD(e,r).

From now on, we will always use the metric d.. and drop the subscript from d... Similarly, we will use
B(x,r) to denote Be(x, ).

With this norm, we define the G-ball centered at x with radius r by

D(z,r)={y € G: ply~'z) <7},

and we denote by D, = D(e,r) = {y € G : p(y) < r} the open ball centered at e, the identity element
of G, with radius r. By CD(z,7) = G \ D(x,) we denote the complement of D(x, ).

One easily recognizes that there exist ¢; = ¢;(G), and ¢a = ¢2(G) such that

|B(z,r)| = e1r?, | D(z,7)| = cor®, zeG, r>0.

The most basic partial differential operator in a Carnot group is the sub-Laplacian associated with X
is the second-order partial differential operator on G given by £ = >0 | X2.

3. GENERALIZED MORREY SPACES

In the study of local properties of solutions to of partial differential equations, together with weighted
Lebesgue spaces, Morrey spaces Ly, »(G) play an important role, see [7]. They were introduced by
C. Morrey in 1938 [8]. The Morrey space in a Carnot group is defined as follows: for 1 < p < o0,

0 < X< Q,afunction f € L, \(G)if f Lg’C(G) and

£z, = sup P\ fllL, (D) < 00

z€G,r>0

MATHEMATICALNOTES Vol. 102 No.5 2017

{sec3:u789%}



130 EROGLU et al.

Ly(G) ifA=0,
Lpa(G) =1 Loo(G) ifA=Q,
S ifA<OorA>Q,

where O is the set of all functions equivalent to 0 on G.
We also denote by WL, (G) the weak Morrey space of all functions f € WLL?C(G), for which

1wy = 1fllwr, @ = sup v Pl fllwr, (o) < oo
zeG, r>0

where WL, (D(x,r)) denotes the weak L,-space of measurable functions f, for which
1l 2Dy = suptlly € D(.r) : f ()] > t}77. (3.1)

We find it convenient to define the generalized Morrey spaces in the form as follows.

Definition. Let 1 < p < co and ¢(z, ) be a positive measurable function on G x (0,00). The gener-
alized Morrey space M, ,(G) is defined of all functions f € L;?C(G) by the finite norm

HfH _thHfH
= sup )
Mo zeG,r>0 C,D(l‘,?“) Ly(Di@r))

Also the weak generalized Morrey space W M, ,(G) is defined of all functions f € Lg’C(G) by the finite
norm

',"_Q/p

flwm,, = sup  ————||fllwr,» .
H H Pe z€G,r>0 gp(x,r)” H »(Dl@r))

Lemma 3.1. Let p(x,r) be a positive measurable function on G x (0,00).

(i) 17
T_Q/p
sup =00 forsome t >0 andforall zeG, (3.2)
t<r<co P(T,7)
then M, ,(G) = ©.
(i) If
sup o(z,7)7t =00 forsome t >0 andforall xeG, (3.3)

o<r<r

then M, ,(G) = ©.

Proof. (i) Let(3.2) be satisfied and f be not equivalent to zero. Then sup, g || fllz,(D(z,1)) > 0, hence

£, = sup sup oz, 1) "2 £l (D)
zeG t<r<oo

> sup || flln, (@) sup ¢l(@,r)~'r 9P,
zeG t<r<oo

Therefore,

fllag, , = oo

(ii) Let f € M, ,(G) and (3.3) be satisfied. Then there are two possibilities:
Case 1: supg.,; ¢(x, 7)1 = oo forall t > 0.

Case 2: supg.,; ¢(x, 7))t < oo for some s € (0, 7).

For Case 1, by Lebesgue differentiation theorem, for almost all x € G,

lim HfXD(x,T’)HLp _ \f(m)\. (3.4)
r=0+ |IXD(e,r L,
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CHARACTERIZATIONS FOR THE FRACTIONAL INTEGRAL OPERATORS 131

We claim that f(z) = 0 for all those x. Indeed, fix = and assume | f(z)| > 0. Then by Lemma 3.2 and
(3.4) there exists tg > 0 such that

_ 11
r= Pl by = 27 eI ()]
forall 0 < r < ty. Consequently,
1£llag, > sup (@, 1) U2 fll L Dy > 27 1ey/P|f(2)] sup p(x,r) 7L
0<r<to 0<r<to

Hence || f||az,, = o0, s0 f ¢ M, ,(G) and we have arrived at a contradiction.

1

Note that Case 2 implies that sup,, ., ¢(x,7)™" = oo, hence

sup @(z,7) TP > sup (@, )T > TP sup (@, r) T = oo,
s<r<oo s<r<T s<r<T
which is the case in (i). O
Remark 3.1. We denote by 2, the sets of all positive measurable functions ¢ on G x (0, c0) such that
forallt > 0,

',"_Q/p
o(,r)

respectively. In what follows, keeping in mind Lemma 3.1, we always assume that ¢ € €),,.

<oo  and sup ()™ Lo 0.y < 004

sup
zeG Loo (t,00) xe

A function ¢: (0,00) — (0,00) is said to be almost increasing (resp. almost decreasing) if there
exists a constant C' > 0 such that

o(r) < Cop(s) (resp. ¢(r) > Cp(s))  for r<s.

Let 1 < p < co. Denote by G, the set of all almost decreasing functions ¢: (0,00) — (0, 00), such that
t € (0,00) — t9/Pp(t) € (0,00) is almost increasing.

Seemingly the requirement ¢ € G, is superiluous but it turns out that this condition is natu-
ral. Indeed, Nakai established that there exists a function p such that p itself is decreasing, that

p()tP < p(T)T™/Pforall 0 < t < T < oo and that M, 4(G) = M, ,(G).
By elementary calculations we have the following, which shows particularly that the spaces M,, ,(G)
and WM, ,(G) are not trivial; see, for example, [9].

Lemma3.2. Let ¢ € G, 1 < p < 00, Dy = D(xg,70), and xp, is the characteristic function of the
ball Dy, then xp, € M, ,(G). Moreover, there exists C > 0 such that

o
©(ro)

2(r0) < lIxpollwnt, , < lIXDolIr,, <

Proof. Letp € G,, 1 < p < 00, Dy = D(xg,70) denote an arbitrary ball in G. It is easy to see that
Ixol sup <\D<w,r>mDor>””> L <\DomDo\>”p 1
DollWM,,, = > = .
0 PE eg,r>0 9(7) |D(z,7)| ¢(ro) | Do ¢(ro)
Now, if 7 < 7o, then p(rg) < Cp(r) and

! (!D(x,rmDo\)”p < L. C
er)\ [D(z,7)] ~p(r) T elro)
forallz € G.
On the other hand, if 7o < r, we have cp(ro)rgg/p < Co(r)r@/?iorall z € G and
1 <|D<:c,r> mDo|>1/p _ D@0l _ Dol e C
o(r) |D(z, )| c;/pcp(r)rQ/p B c;/pcp(r)rQ/p p(r)rQ/r ~ p(ro)
forall x € G. This completes the proof. O
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132 EROGLU et al.

The following theorem was proved in [10].
{th3.1:u789}

Theorem 3.1. Let 1 < p < oo and (p1,2) satisfies the condition

sup t~9Pessinf ¢ (z,5)s%/P < Copo(x, 1), (3.5) {eq3.5:u789}
r<t<oo t<s<o0

where C does not depend on x and r. Then for p > 1, the operator M is bounded from M, ., (G)

to My, 4, (G), and for p =1, the operator M is bounded from M, ,, (G) to W M 4, (G).

4. FRACTIONAL INTEGRAL OPERATOR IN THE SPACES M, ,(G) (secd:u789}
sec4:u

We will use the following statement on the boundedness of the weighted Hardy operator

Hy,g(t) := /too g(s)w(s)ds, 0<t< oo,

where w is a weight.

The following theorem was proved in[11](see also [12]).
{th4.1:u789}

Theorem4.1. Let vy, vy, and w be weights on (0, 00) and v1(t) be bounded outside a neighborhood
of the origin. The inequality

esssup va(t)Hyg(t) < Cesssup vy (t)g(t) (4.1) {eq4.1:u789}
>0 >0

holds for some C > 0 for all nonnegative and nondecreasing g on (0,00) if and only if
o d
B:= supvg(t)/ w(s) ds < o0.
t>0 t  €SSSUPgcrcoo V1 (T)

Moreover, the value C' = B is the best constant for (4.1).

4.1. Spanne-Type Result (ssecd. 1:u788

The following local estimates are valid.
{th4.2:u789}

Theorem4.2. [et1 <p<oo,0<a<Q/p 1/g=1/p—a/Q,and f € L;?C(G). Then forp > 1

o fllLy(D@,t) < C'tQ/q/z r= Y Fll () dr (4.2) {eq4.2:u789}
cot
and forp=1
o fllw iy (D) < CtQ/q/2 r= Y Fll iy (D) Ay (4.3) {eq4.3:u789}
cot

where C does not depend on f,x € G, andt > 0.

Proof. For a given ball D = D(z,t), we split the function f as f = fi1 + fo, where fi = fx2cD,
fo= fXG(2coD)’ and 2coD = D(z,2¢ot); and then

Ioef(x) = Ioefl(x) + [af2(x)'

Let l<p<oo, 0<a<@Q/p, 1/g=1/p—a/Q. Since f; € L,(G), by the boundedness of the
operator I, from L,(G) to Ly(G) (see Theorem A) it follows that

[e.e]

Lo fillz, 0y < Cllfillz, @) = CllfllL,2e0p) < CtQ/q/ r= T () AT (4.4) {eq4.4:u789}

2cot

where the constant C'is independent of f.
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Observe that the conditions z € D and y € ¢(2¢o D) imply

ey

5 Py %),

1 -1 -1
— < <
2COp(y z) < plx™y) <

Then forall z € D we get
360 Q- -1, ya—Q
L () [ e )y
C(2¢oD)

By Fubini’s theorem we have

— a—Q o 7O~ Q-1 T
fo o Ul [l [ st

/ / |f(y)| dyr® 9 dr < / y)| dyr®= 9 dr.
2cot J 2cot<p(z—ly)<r 2cot (z,7)

Applying Hoélder’s inequality we get

Lo o U@y S |l o @ dr
G(2COD) 2cot
and forall z € D
o f2(2)] S /2 t £, (DT ¥4 dr. (4.5)
(&)

Moreover, for all p € [1, 00) the inequality

Lo follL 0y S tQ/q/2 tT_Q/q_leHL,,(D(x,r)) dr (4.6)
(&)

is valid. Thus from (4.4) and (4.6) we get the inequality (4.2).
Finally, in the case p = 1 by the weak (1, ¢)-boundedness of I,, (see Theorem A) it follows that

o fillwr,py < Cllfille, @ <CtQ/q/2 tT_Q/q_l”f”L1(D(x,r)) dr, (4.7)
Co

where C does not depend on z, t. Then from (4.6) and (4.7) we get the inequality (4.3). O

Theorem 4.3. Let 1<p<oo, 0<a<Q/p, 1/¢g=1/p—a/Q, ¢1 €y, @2 € Q,, and the pair
(1, 92) satisfy the condition

 essinf, 5«00 1(, s)sQ/p dr
/t oy - < < Cpa(x,t), (4.8)

where C does not depend on x and r. Then for p > 1 the operator 1, is bounded from M, ., (G)

to My,,,(G) and for p =1 the operator 1, is bounded from M ,, (G) to WMy ,,(G).

Proof. By Theorems 4.1 and 4.2 with vo(r) = @o(z, 7)™, v1(r) = @1 (z,7) "= Q/P and w(r) = r~Q/
we have forp > 1

HfafHMqWS sup 902($7t)_1/ r= N fll L () dr
eG, t>0 t

S sup 0@ ) TP f ) = Iy,
z€G, t>0

andforp=1

()
||Iaf||WMq,p2 5 sup (,Dg(l‘,t)_l/ T_Q/q_lufHLl(D(x,r)) dr
z€G, t>0 t

S sup (@) O f Loy = 1fllan,, - O
zeG, t>0
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Remark 4.1. Note that, in the case G = Hl,, Theorems 4.2 and 4.3 were proved in [13, Lemma 5.1 and
Theorem 5.2]; see also [14],[15].

For proving our main results, we need the following estimate.

Lemma4.1. If Dy := D(xg,r0), then
S < e(2¢0)? ™LX Dy () for every x € Dy.
Proof. Ifx,y € Dy, then
p(x~'y) < colp(a™"mo) + plag'y)) < 2coro.
Since 0 < a < Q, we get TS‘_Q < (2¢0)9p(z~1y)*?. Therefore,
Iaxp,(x) = /«; XDy (y)pla™y)* " dy = /D p(z'y)* Vdy > c5(200)% 7. O
0
The following theorem is one of our main results.

Theorem4.4. Let 0 < a < Q,p,q € [1,00), p1 € Qp, and @3 € Q.
(HIf1<p<Q/aandl/q=1/p— «a/Q, then the condition (4.8)is sufficient for the bounded-
ness of I, from My, o, (G) to W Mg ., (G). Moreover, if 1 < p < Q/c, the condition (4.8) is sufficient
for the boundedness of I, from M, ., (G) to Mg ,,(G).
(2) 1] the function p1 € Gy, then the condition

t%p1(t) < Copa(t) (4.9)

for all t >0, where C >0 does not depend on t, is necessary for the boundedness of I,
from My o, (G) to W Mg 4, (G) and My 4, (G) 10 Mg 4, (G).
(3)Letl <p< Q/aandl/q=1/p—a/Q. I p1 € G, satisfies the regularity condition

/ r* Lo (r) dr < Ct%y (1), (4.10)
t

forallt > 0, where C > 0 does not depend on t, then the condition (4.9) is necessary and sufficient
for the boundedness of 1, from My ,,(G) to WM, ,,(G). Moreover, if 1 <p < Q/a, then the
condition (4.9) is necessary and sufficient for the boundedness of I, from M, ,, (G) to My ,,(G).

Proof. The first part of the theorem proved in Theorem 4.3.

We shall now prove the second part. Let Dy = D(zg,tp) and = € Dy. By Lemma 4.1 we have
ty < Clyxp,(x). Therefore, by Lemma 3.2 and Lemma 4.1

_ pa(to)
t§ S Dol Pl 1ax Dol 1, (Do) S 2(t0) HaxDo18ty.4, S ©2(to) X000ty 0, S o1 (o)
or
¢
e < ngtz; forall tg>0 <= t3p1(to) < palte) Torall to>0.

Since this is true for every ty > 0, we are done.
The third statement of the theorem follows from first and second parts of the theorem. O

Remark 4.2. If we take o1 (t) = t*=@)/P and @, (t) = t(#=Q)/9 at Theorem 4.4, then conditions (4.10)
and (4.9) are equivalentto 0 < A < @ — ap and A/p = 1/q, respectively. Therefore, we get the following
Spanne result for Morrey spaces on Carnot groups.

Corollary 4.1. let 0<a <@, 1<p<Q/a, 0 <A< Q—ap, and 1/q=1/p—«a/Q. Then the
operator I, is bounded from L, \(G) to WLg,(G) if and only if \/p=p/q. Moreover, if
1 <p < Q/a, then the operator 1, is bounded from L, \(G) to Ly ,(G) if and only if \/p = n/q.
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CHARACTERIZATIONS FOR THE FRACTIONAL INTEGRAL OPERATORS 135

4.2. Adams-Type Results
The following pointwise estimate plays a key role where we prove our main results.

Theorem4.5. Let1 <p<oo0,0<a<Q,and f € L;?C(G). Then

{ssec4.2:u789

{th4.5:u789}

|Iaf($)| < CtaMf(:E) —I—C/ T‘Q_Q/p_lanLp(D(x’r)) dr, (4.11)  {eq4.11:u7893
t
where C does not depend on f, x, and t.
Proof. Write f = f1 + f2, where f1 = fXacD, f2 = [X6(2¢,p), and D = D(z,t). Then

Iof(2) = Infi(2) + Lo fa(z).

For I,fi(x), following Hedberg’s trick (see for instance [3, p. 354]), for all z € G we obtain
[Inf1(2)| < C1t*M f(2). For I, fa(z) with z € D, from (4.5) we have

I fo(2)| < ]f@ _D)p(w‘ly)“‘Q!f(y)!dy < ijg r QY £l (D) AT, (4.12)  {eq4.12:u789)
[&4] cot

which proves (4.11). O

The following is a result of Adams type for the fractional integral on Carnot groups (see [16]).
{th4.6:u789}

Theorem 4.6 (Adams-type result). Let1 <p < g <o0,0<a < Q/p, and let p € Q, satisfy condi-
tion

sup t Qessinf o(x,s)s? < Co(x,r), (4.13)  {eq4.13:u789}
r<t<oco t<s<00
and
/ Y p(x, )P dt < Cr—op/(ap), (4.14) {eq4.14:u789}

where C does not depend on x € G and r > 0. Then Jor p>1, the operator 1, is bounded
from M,, 1/5(G) to M, ,1/4(G) and for p = 1, the operator I, is bounded from My ,(G) to WM, ,1/4(G).J]

Proof. Let 1 <p < oo and f € M, ,(G). By Theorem 4.5 the inequality (4.11) is valid. Then from
condition (4.14) and inequality (4.11) we get

Lo f(2)] < "M () + / rQY L ey dr
t

<OMf@) +[flw L, /t v ()P i

<M f(x) + PP flly

ppl/P’
t= (LWI/IJ)
Mf(x)

Lo ()] £ ALF@) £ 137"

1/p

(4.15) {eq4.15:u789}

Hence choosing

for every z € G, we have

Hence the statement of the theorem follows in view of the boundedness of the maximal operator M
in My, ,(G) provided by Theorem 3.1, by virtue of condition (4.13):

1-—
ol 0 SIS, sup oty QM

1—
<™, quu?V/,jwl/p <l

bl
ppl/P
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ifl<p<gqg<ooand

1-1/q ~1/q:—Q 1/q
”[af”WMq’wl/q N ”f”MW me%ult)>0(p(x7t) /9t /qHMfHWLl(D(x,t))

1-1 1
SUFRE UM A S U F s

ifp=1<qg< 0. O
{rem4.4:u789}
Remark 4.3. Note that, in the case G = H],, Theorem 4.6 was proved in[13, Theorem 5.3].

The following theorem is one of our main results.
{th4.7:u789}
Theorem4.7. [et0 <a < @Q,1<p<q<oo,and p € (),

(1) If p(z,t) satisfy condition (4.13), then the condition (4.14) is sufficient for the boundedness
of I, from Mle/p(G) to Wqul/q(G). Moreover, if 1 < p < g < oo, then the condition (4.14) is

sufficient for the boundedness of Io, from M, ,1/,(G) to M ,1/4(G).
(2)I] ¢ € Gp, then the condition

reo(r)/P < cr—or/(a=p) (4.16) {eq4.16:u789)
for all r >0, where C >0 does not depend on r, is necessary for the boundedness of I,
from M, ,1/5(G) to WM, 1/4(G) and [rom M, ,1/,(G) to M, ,1/4(G).
(3) 1] ¢ € Gy satisfies the regularity condition

/ ta—l(p(t)l/p dt < Cracp(r)l/p (4.17)  {eq4.17:u789}

T

forallr > 0, where C' > 0 does not depend r, then the condition (4.16) is necessary and sufficient
Jor the boundedness of I, from M, ,1/5(G) to WM, ,1/4(G). Moreover, if 1 <p < q < oo, then

the condition (4.16) is necessary and sufficient for the boundedness of I, from Mpwl/p(G)
to Mq7g01/q (G).

Proof. The first part of the theorem is a corollary of Theorem 4.6.
We shall now prove the second part. Let Dy = D(zg,tp) and = € Dy. By Lemma 4.1 we have
ty < Clyxp,(x). Therefore, by Lemma 3.2 and Lemma 4.1 we have
o S ’Do’_l/q”faXDo”Lq(Do)

S Sﬁ(to)l/qHIaXDoHqul/q < go(to)l/qHXDollMp < o(tg) a1/,

/P
or

t8¢(t0)1/p_1/q <1 forall t;>0 “— tg(’p(to)l/p < taap/(q—p)‘
Since this is true for every z € G and ty > 0, we are done.

The third statement of the theorem follows from first and second parts of the theorem. O

The following is a result of Adams type for the fractional integral on Carnot groups.
{th4.8:u789}

Theorem 4.8 (Adams-type result). Let 0 <a <@, 1 <p<qg<oo, and ¢ € Q, satisfy condi-

tion (4.13) and

tp(x,t) +/ rLo(z,r)dr < Colx, t)P/4, (4.18) {eq4.18:u789}
t
where C does not depend on x € G and r > 0. Then Jor p>1, the operator 1, is bounded
from M, ,1/,(G) to M, ,1/4(G) and forp = 1, the operator I, is bounded from My ,(G) to WM, ,1/4(G) |}

MATHEMATICALNOTES Vol. 102 No.5 2017



CHARACTERIZATIONS FOR THE FRACTIONAL INTEGRAL OPERATORS 137

Proof. Let 1 <p < oo and f € M, ,(G). By Theorem 4.5 the inequality (4.11) is valid. Then from
condition (4.14) and inequality (4.11) we get

Laf(@)] < M f(z) + / PR £l ey dr
t

< M f(@) + | fllar, . / (e 1) dr. (4.19)
t
Thus, by (4.18) and (4.19) we get
Lo f ()] S min{p(a, )/ M f(2), p(a, )| fllar,., }
< supmin{s”/ 4 M f(x), 79| flla, .} = (MF ()P0 £l (4.20)
s>0 pe

where we have used that the supremum is achieved when the minimum parts are balanced. From
Theorem 3.1 and (4.20), we get

< 1-p/q p/q <
afllat, e S USI IMAIRE S Sl

ifl <p<g<ooand
1-1 1
Maflwar, 0 SUFEIMARE S 1Fnss

ifp=1<g<o0. O
The following theorem is one of our main results.

Theorem4.9. [ef0 <a < @Q,1<p<qg<oo,andp € (),

(1) If o(z,t) satisfy condition (4.13), then the condition (4.18) is sufficient for the boundedness
of 1o Jrom M, ,1/,(G) to M, ,1/4(G). Moreover, if 1 <p < q < oo, then the condition (4.18) is
sufficient for the boundedness of Io, from M, ,1/»(G) o M, ,1/4(G).

(2)If ¢ € G, then the condition
ro‘gp(r)l/p < Ccp(r)l/q (4.21)

forallr >0, where C' > 0 does not dependr, is necessary for the boundedness of Lo, from M, 1/, (&)

to WM, ,1/4(G) and from M, ,1/»(G) to M ,1/4(G).

(3) 1] v € G, satisfies the regularity condition (4.17), then the condition (4.21) is necessary and
sufficient for the boundedness of 1, from Mpwl/p(G) to WMqu/q(G). Moreover, if 1 <p < q < oo,

then the condition (4.21) is necessary and sufficient for the boundedness of I, from Mp7¢1/P(G) to

Mq’gal/q (G).

Proof. The first part of the theorem is a corollary of Theorem 4.8.

We shall now prove the second part. Let Dy = D(zg,tp) and = € Dy. By Lemma 4.1 we have
ty < Clyxp,(x). Therefore, by Lemma 3.2 and Lemma 4.1 we have

t& < 1 Dol ™\ Iaxpoll Ly (Do)
S sﬁ(to)l/qllfaXDoHMwl/q S w(to)l/qHXDoHMwl/p < elto)/ P,
or
teo(to) /P71 <1 Horall tg>0 = t§o(te)? < p(to)'e.

Since this is true for every z € G and ty > 0, we are done.

The third statement of the theorem follows from first and second parts of the theorem. O
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Remark 4.4. If we take ¢(t) = t*~% at Theorem 4.9, then condition (4.17) is equivalent to 0 < A <
@ — ap, and condition (4.16) is equivalent to 1/p — 1/q¢ = a/(Q — X). Therefore, we get the following
Adams result for Morrey spaces in Carnot groups.

Corollary 4.2. et 0<a<@Q, 1<p<g<oo, and 0 <A< Q—ap. Then the operator I,
is bounded from L, \(G) to WLyx(G) if and only if 1/p—1/q=a/(Q — ). Moreover, if
1 < p < q< oo, thentheoperator I, is bounded from L, \(G) to Ly x(G) if and only if 1/p —1/q =
a/(Q— ).

Remark 4.5. Note that, in the case G = R", the sufficient part of Corollary 4.6 was proved in [17].

5. SOME APPLICATIONS
[t is known that (see [18, p. 247]) if p is a homogeneous norm on G, then there exists a positive
constant 3, such that I'(z) = 8,p(x)?~ is the fundamental solution of L.

From Theorems 4.4 and 4.7 one easily obtains an inequality extending the classical Sobolev
embedding theorem to the homogeneous Carnot groups.

Theorem 5.1 (Sobolev—Stein embedding on generalized Morrey space). Lef L be the sub-Laplacian
on the homogeneous Carnot group G of homogeneous dimension Q. Let also 1 <p < @ and
1/q=1/p—1/Q, v1 € Q, and s € Q, satisfy the condition (4.8). Then there exists a positive
constant C such that

lullagy oy < ClVeullng,,,  forevery we Ly(G)N My, (G).

Proof. Let u € C§°(G). By using the integral representation formula for the fundamental solution
(see[18, p. 237]), we have

u(z) = /(}F(rc‘ly)ﬁuw) dy. (5.1)

Keeping in mind that £ = ¥ | X? and X = — X, by integrating by parts at the right-hand side (5.1),
we obtain

z«x>=oéfvcrxx-%nvcu@ndy. (5.2)

On the other hand, out of the origin, we have
Vel(2) = B,V e(p(@)*™%) = (2 = Q)Bop(x)' "V ep(2),
so that, since Vzp is smooth in G \ {0} and ,-homogeneous of degree zero,
Vel(z) < Cp(x)' =
for a suitable constant C' > 0 depending only on £. Using this inequality in (5.2), we get
o) <€ [ Veutylote) @ dy = Ch(V cue). (53

Then, by Theorem 4.4,
ullatyy < CIL(Vcu))rryp, < CIVLUllp,,,

where

1<p<@Q, = O

SHE
Ql ~

Analogously proved the following theorem.

Theorem 5.2 (Sobolev-Stein embedding on generalized Morrey space). Let L be the sub-Laplacian
on the homogeneous Carnot group G of homogeneous dimension Q. Let also 1 <p < q < oo,
¢ € Q, satisfy conditions (4.13) and (4.14). Then there exists a positive constant C such that

”uHMq,@l/q < CHVHLHMWU,, forevery w € Ly(G) N M, ,1/n(G).
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