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Abstract

The coercive properties of degenerate abstract convolution-elliptic equations are
investigated. Here we find sufficient conditions that guarantee the separability of
these problems in L, spaces. It is established that the corresponding
convolution-elliptic operator is positive and is also a generator of an analytic
semigroup. Finally, these results are applied to obtain the maximal regularity
properties of the Cauchy problem for a degenerate abstract parabolic equation in
mixed L, norms, boundary value problems for degenerate integro-differential
equations, and infinite systems of degenerate elliptic integro-differential equations.
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1 Introduction, notations, and background

In recent years, maximal regularity properties for differential operator equations, es-
pecially of parabolic and elliptic type, have been studied extensively e.g. in [1-14] and
the references therein. Moreover, convolution-differential equations (CDEs) have been
treated e.g. in [2, 15-19] (for comprehensive references see [18]). Convolution operators
in Banach-valued spaces were studied e.g. in [8-10, 20-23]. However, the convolution-
differential operator equations (CDOEs) are a relatively poorly investigated subject. In [2]
the parabolic type CDEs with bounded operator coefficients were investigated. In [9] the
regularity properties of degenerate ordinary CDOEs were studied. The main aim of the
present paper is to study the following degenerate elliptic CDOEs:

Zaa*D["‘]u+(A+A)*u=f(x) (1.1)

|t
and the Cauchy problem for the degenerate parabolic CDOE

0
8_I:+ ag * D'y + A s u = f(t,x),

la|<t

u(0,x) = 0,

in E-valued L, spaces, where E is a Banach space, A = A(x) is a linear operator in E, g, =

aq(x) are complex-valued functions, « = (o1, @, ...,®,), A is a complex number, y = y(x)
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is a positive measurable function on Q2 C R”, and

o
plel = plalpleal ... plenl, il - <y(x)8ix,») .
Here the convolutions a, % D'*!u and A % u are defined in the distribution sense (see e.g. [1]).
In applications, particularly the above equations describe the charged particle motion
for certain configurations of oscillating magnetic fields (see e.g. [24]). Maximal regular-
ity has proven very useful in handling some concrete non-linear evolution equations as
shown by [25] and [23], which deal with the Navier-Stokes equations of fluid dynamics.
One of the main features of the present work is that the convolution equations are de-
generate on some points of R =(—00, 00). Moreover, equation (1.1) has a variable operator
coefficient. Since such a type equations occur in applications, it is important to show the
existence and uniqueness of the solution. In this paper, we establish the separability prop-
erties of the problem (1.1) and the maximal regularity of Cauchy problem for parabolic
CDOE. Moreover, we prove that the operator generated by problem (1.1) is positive. The
main tools of this work are the operator-valued Fourier multipliers. Since equation (1.1)
has unbounded operator coefficients there occurs some difficulty. This fact is derived by
using the representation formula for a solution of the problem (1.1) and operator-valued
multiplier in L, ,, (R"; E).
Let E be a Banach space and y = y(x), x = (x1,%3,...,%,) be a positive measurable
weighted function on a measurable subset & € R". Let L, ($2;E) denote the space of
strongly E-valued functions that are defined on Q with the norm

Wl = Wlsyyi0 = [ (F@Iy0a)", 1<p<co,
Q
For y(x) =1, the space L, ,, (2, E) will be denoted by L, = L,($2; E).
[l = esssuply (OG9)]]
Xe

The weight y (x) we will consider to satisfy an A, condition; i.e., y(x) € Ay, 1 < p < 00, if
there is a positive constant C such that

1 1 L p-1
(@/J‘x’d")Q—@/QV ""‘*‘) =¢

for all compacts Q C R".
Let C be the set of complex numbers and

S(p:{)»;)\e((:,|argk|§<p}u{0}, O0<gp<m.

Let E; and E; be two Banach spaces and let B(E;, E;) denote the spaces of bounded linear
operators acting from E; to E,. For E; = E; = E we denote B(E, E) by B(E).

A closed linear operator function A = A(x) is said to be uniformly ¢-positive in Banach
space E, if D(A(x)) is dense in E and does not depend on x and there is a positive constant
M so that

| (AGx) + 1) M1+ 1)

1
ey <
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for every x € R” and A € S, ¢ € [0,7), where [ is an identity operator in E. Sometimes
instead of A + Al we will write A + A and it will be denoted by A,. It is well known [11],
Section 1.14.1, that there exist fractional powers A? of the positive operator A.

Let E(A?) denote the space D(A?) with the graphical norm

lloell g0y = (lll?” + ||A9u||p)1l’, 1<p<00,-00<6 <00,

Let S = S(R";E) denote a Schwartz class, i.e. the space of E-valued rapidly decreas-
ing smooth functions on R” equipped with its usual topology generated by seminorms.
S(R";C) is denoted by just S.

Let S'(R"; E) denote the space of all continuous linear operators, L : S — E, equipped
with the bounded convergence topology. Recall S(R”; E) is norm dense in L, (R"; E) when
l<p<oo,y €A

Let Q be a domain in R”. C(2,E) and C"($2;E) will denote the spaces of E-valued
bounded uniformly strongly continuous and m-times continuously differentiable func-
tions on €2, respectively.

Let o = (o, @3, . ..,0,), where ; are integers. An E-valued generalized function Df is
called a generalized derivative in the sense of Schwartz distributions of the function f €
S(R",E), if the equality

(D°f, ) = (-D)(f,D*¢)

holds for all ¢ € S.
Let F denote the Fourier transform. Through this section the Fourier transformation of
a function f will be denoted by]?, Ff = fv ,and F7If = ]‘ . It is well known that

F(DEf) = (i) -+ (i&a)"f,  DE(F(F) = F[(~iz)™ - (=iz,)*"f]

for all f € S'(R"; E).

Suppose E; and E, are two Banach spaces. A function W € L (R"; B(Ej, E,)) is called a
multiplier from L, , (R"; E1) to L, (R"; Es) for p € (1, 00) if the map u — Tu = FY(&)Fu,
u € S(R"; Ey) is well defined and extends to a bounded linear operator

T:Lyy (R E) — Ly, (R E).
The space of all Fourier multipliers from L, (R"; E1) to L, (R"; E;) will be denoted by

MZ,‘,}: (E1, E). For E; = E; = E we denote Mﬁji (E1, E3) by Mﬁj)}; (E).
A Banach space E is called a UMD-space [26, 27] if the Hilbert operator

=t [ 124

=0 [x—y|>e xX—=y

is bounded in L,(R;E), p € (1,00) (see e.g. [4]). UMD spaces include e.g. L,, /, spaces and
the Lorentz spaces Ly, p,q € (1,00).
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A set K C B(Ey, E,) is called R-bounded (see [4, 5, 15, 28]) if there is a constant C > 0
such that, for all T}, T, ..., T,, € K and u1, U, ..., 4, € B, m € N

1| ™ 1| m
f Y 0T dy< C/ > row| dy,
O =1 E Ol j=1 )31

where {r;} is a sequence of independent symmetric {—1;1}-valued random variables on
[0,1] and N denotes the set of natural numbers. The smallest C for which the above esti-
mate holds is called the R-bound of K and is denoted by R(K).

Definition 1.1 A Banach space E is said to be a space satisfying the weighted multiplier
condition if forany W € C"(R"\{0}; B(E)) the R-boundedness of the set {|£| |ﬁ‘DSﬂ\I-’(’;‘) €€
R™\{0}, B = (B1, B2, .- .5 Bu)> Bx € {0,1}} implies that ¥ is a Fourier multiplier in L, (R"; E),
ie., W € My} (E) for any p € (1,00).

Remark 1.1 Note that, if E is a UMD space, then by virtue of [5, 6, 13, 21] it satisfies the

multiplier condition.

Definition 1.2 A positive operator A(x), x € R” is said to be uniformly R-positive in a
Banach space E if there exists a ¢ = ¢4 € [0,7) such that the set Ly = {§(A + §)7' : £ € S}
is uniformly R-bounded, i.e.

-1
sup R({[Ax)(A(x) +£1) ] :6 €S,}) =M.
xR
Note that in Hilbert spaces every norm bounded set is R-bounded. Therefore, in Hilbert
spaces all positive operators are R-positive.
LetheR,meN,and ¢, k=1,2,...,n, be standard unit vectors of R”. Let

Ar(h)f () = f (x + hex) = f ().

Let A = A(x), x € R" be closed linear operator in E with domain D(A) independent of x.
The Fourier transformation of A(x) is a linear operator with the domain D(A) defined as

Au(p) = Au(@) foru € S'(R;E(A)), ¢ € S(R").

(For details see [1].)
A(x) is differentiable if we have the limit
0A Ax(h)A
(—)u = lim M, k=1,2,...n,u € D(A),
Xk h—0 h
in the sense of the E-norm.
Let Eq and E be two Banach spaces, where Ej is continuously and densely embeds into E.

Let [ be a integer number. Wlﬁ’y (R"; Ey, E) denotes the space of all functions from S'(R"; Ey)

such that u € L,,, (R"; Ey) and the generalized derivatives Diu = SITZ € L, (R"; E) with the
norm

n
_ !
”u”WIé,V(R";Eo,E) = llullz,,, @riz0) + Z”Dku”Lp,V(R";E) < 0.
k=1
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It is clear that
1 . —w! . .
W, (R Eo,E) = W, (R";E) N Ly, (R"; E).
Consider the problem

Zaa*Dau+(A+A)*u=f(x), 1.2)

le|=t

where A = A(x) is a linear operator in E, a, = a,(x) are complex-valued functions, o =
(o1,a3,...,0,), A is a complex parameter.

A function u € Wé,y (R"; E(A), E) satisfying equation (1.2) a.e. on R" is called the solution
of equation (1.2).

The elliptic CDOE (1.2) is said to be uniform separable in L, , (R"; E) if equation (1.2) has
a unique solution u for f € L, ,,(R"; E)and the following coercive estimate holds:

Z Haa * Dau”Lp’y(Rn;E) + ”A * u”Lp,y(R”;E) = C”f”Lp,V(R”;E):

le|=t

where the positive constant C is independent of f.
In a similar way to [3], Theorem A, we obtain the following.

Proposition Ay Let E be a UMD space and y € A,. Assume Yy, is a set of operator func-
tions from C"(R"\{0}; B(E)) depending on the parameter h € Q € R and there is a positive
constant K such that

ZugR({W‘Df‘wh(s) 1€ € R\{0}, B € {0,1}}) <K.

Then the set Vy, is a uniformly bounded collection of Fourier multipliers in L, (R";E).

Let E, and E, be two Banach spaces. Suppose T € B(Ey,Ey) and 1 < p <oo. T €
B(L,(R"; E1),L,(R"; Eo)) will denote the operator (Tf)(x) = T(f(») for f € L,(R";E) and
xeR".

From [10] we have the following.

Proposition A; Let 1 < p < oco. If W C B(Ey,Ey) is R-bounded, then the collection W =
{T:T e W) CB(L,(R"; E1),L,(R"; E,)) is also R-bounded.

2 Elliptic CDOE
Condition 2.1 Assume A(¢) is a uniformly positive operator in E and a4, € Ly (R") such
that

LE) =Y aa(E)E) €Sy, |LE)|=CY lall&l,
k=1

la|=<t

for

k=k(a) =(o1,00,...,0,), ar=La;=0,i#k,
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‘PIG[O,T[), -‘E:(gl,fzy-u,gn)eRn,
where a; denote the coefficients of E,f in the polynomial L(§). Consider

oo(6,2) =AD(E, 1), o1&, ) = A(E)D(E, ),

oa(E,0) = 3 1T 4, (€)(i£) DG, 1),

la|=<t

where

D(E ) = [AE) + L&) +2]

Lemma 2.1 Assume the Condition 2.1 holds and ) € S,, with ¢, € [0,1), where g4 + 1 +

@y < 7, then the operator functions o,(§,\) are uniformly bounded, i.e.,
loi& V)] e <C i=0,1,2.

Proof By virtue of [4], Lemma 2.3, for L(§) € S,,, A € Sy,, and ¢ + ¢, < 7, there is a positive
constant C such that

[A+LE)| = C(Ix +|LE©)]). @.1)

Since L(§) € S,,, in view of (2.1) and the resolvent properties of positive operators, we see
that 121(5 ) + L(£€) + A is invertible and

1+ M+ LE)|(1+ |2+ LE)|) ™ < M.

Next, let us consider o5. It is clear that

n

o262y < € D I TTLIENATT]™ | DE 1) g (2.2)

lal<l k=1

Since A is uniformly positive and L(§) € S, , setting yx = (|)\|’% |Ex])** in the following well-
known inequality:

Wy = C<1 + Zy’k>, 9= 0,lal <1, (2.3)
k=1
we obtain
lo2&, 1) | iy < C D 1 [1 > |sk|’|x|1} [+ L@
<t k=1

Taking into account the Condition 2.1 and (2.1)-(2.3) we get

o2&, )| i, < C<|A| £y |sk|l) (121+ @) " < C. o

k=1
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Lemma 2.2 Assume the Condition 2.1 holds. Suppose a, € C"(R"), [D‘SA(E)]A‘I(SO) €
C(R"; B(E)) and

E1¥1|D ay (&) < C1, B €{0,1},E € R\{0},0 < |B] <n, (2.4)

[1&1P1[DPAE)]AT (o) |y < Co Br €{0,11,§, € € R™\{O}. (2.5)
Then the operator functions |€|'Y'DPo;(£,1), i = 0,1,2, are uniformly bounded.

Proof Let us first prove that &3 51 is uniformly bounded. In fact,

Ek—

< hlsE) + 121l + 13BE),

where

A(g)
9%

A§)
98k

I = [Ek }D(-‘EJ), I —A(E)[Sk ]DZ(S,X)

and

IL(&)

I3 —A(%‘)[Sk 08,

]DZ(S,A).

By using (2.3) and (2.5) we get

llowllzE < C.
B(E)

AAE) T ~
IllBE) < H [Ek%}‘rl(éo)

Due to the positivity of A, by using (2.3) and (2.5) we obtain

[sk A(g)] (&)

1121l B&)
9€

”01”123(5) <C.
B(E)

Since A(E) is uniformly positive, by using (2.1), (2.3), and (2.5) for A € S(¢2) and ¢; + ¢ <
T we get

11313 <

oL
Eka_%.k ‘ |D(E, ) ”B(E) ||01(§,)»)HB(E) <C.

In a similar way, the uniform boundedness of 0y (§, 1) is proved. Next we shall prove Ek "“2

is uniformly bounded. Similarly,

Ek— < W& + W21 5eE),

where

= Y (a5 [ + au@ienti0te )
la|<l
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JA(E)
0&x

B= Y I T ag @) lé)“[ 55, +AE)E) + &

le|=t

}Dz(é,k).

First of all, we show /; is uniformly bounded. Since

IAFEEDS

la|<l

Is A D(E,A)HB(E)

due to positivity of A, by virtue of (2.1) and (2.3)-(2.5) we obtain ||/1||zE) < C. In a sim-
ilar way we have [/2]lzz < C. Hence, the operator functions & "

05

l =
g )
formly bounded. From the representations of 0;(§, A) it easy to see that operator functions

|€|#D'Plo;(£, 1) contain similar terms to I;; namely, the functions |£|'’|Dfo;(£, ) will be
represented as combinations of principal terms

0,1,2 are uni-

£*[DYA€) + Daq(8)][D(,m)]"",
ST A DI[AE) + au(®)][DE )], (2.6)

e <l

where u, v are n-dimensional integers vectors and |u| + [v| < |B|. Therefore, by using

similar arguments to the above and in view of (2.6) one can easily check that
|&"P!| DP oy(&, 1) ||B <C, i=0,1,2.
From [10] we obtain the following. a

Lemma 2.3 Let all conditions of Lemma 2.2 hold. Suppose E is a Banach space satisfying

the uniform multiplier condition. Then the sets

So(&,2) = {|E1' DL oo(€,2);6 € R™\(0}},
Si1(8,2) = {1E1¥' Dl 01 (8, 1); & € R"\{0}},
S2(6,0) = {|E1P'DE o (,1); & € R"\{0}}

are uniformly R-bounded for B € {0,1} and 0 < |B| < n.

Result 2.1 Suppose all conditions of the Lemma 2.2 are satisfied, E is a UMD space. Then
the sets S;(£,1), i = 0,1,2, are uniformly R-bounded.

Now we are ready to present our main results. We find sufficient conditions that guar-
antee the separability of problem (1.2).

Condition 2.2 Suppose the following are satisfied:
@
LE) =) adE)iE) €Sy, @rel0m),  |LE)|=CY lall&l, &R

le|=t k=1
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(2) a, € C™(R") and
1P| DPay(8)| < G, Bre{0,1,0<|Bl <m
(3) for0<|Bl <n,

[DFA@E)]A7 &) € C(RSBE), 151" [DPAE)]AT )] 4y < Co

§,60 € R"\{0}.
Let
X=L,,(R%E), Y=W, (REA)E), pe(l,00).

Theorem 2.1 Suppose the Condition 2.2 holds. Assume E is a Banach space satisfying
the weighted multiplier condition. Let A bea uniformly R-positive in E and \ € S, with
0 < @4 + @1 + @y < 7. Then the problem (1.2) has a unique solution u and the coercive
uniform estimate holds

ST ag # D%ul + 1A * ullx + [Mllullx < CIfIx 2.7)

|t
forallf e X and ) € S,.

Proof By applying the Fourier transform to equation (1.2) we get

WE)=DENFE),  DEN=[AE)+LE) +A]T,  LE) =Y aE)iE)

lee|<t

Hence, the solution of (1.2) can be represented as u(x) = F1D(&, )»)]A’ and there are posi-
tive constants C; and C, so that

Cirllullx < |F o0& 2f]], < Colalllullx,
ClA *ully < | F o1&, )f] || < CollA * ulx,

C YT ag « Dul)

e <l

= ”F_I[UZ(?:X)JA(] Hx <G Z Ikll_% Haa *Do‘u|

la|=<t

o (2.8)

where o;(&, 1) are operator functions defined in Lemma 2.1. Therefore, it is sufficient to
show that the operator functions o;(§, A) are multipliers in X. However, this follows from
Lemma 2.3. Thus, from (2.8) we obtain

[Allullx < Collf llxs A * ullx < Gillfllx

ST aw # Dul < Collflx

le|=t

for all f € X. Hence, we get the assertion.



Musaev and Shakhmurov Boundary Value Problems (2016) 2016:50 Page 10 of 19

Let O be an operator in X generated by problem (1.2) for 1 =0, i.e.

D(O)CY, Ou:Zaa*Da+A*u.

=<t

O

Result 2.2 Theorem 2.1 implies that the operator O is separable in X, i.e. for all f € X
there is a unique solution u € Y of the problem (1.2), all terms of equation (1.2) also are
from X and there are positive constants C; and C, so that

CillOullx < ) |law x D*ul + 14 % ullx < C2| Oullx.

o<t

Condition 2.3 Let D(A(x)) = D(A(E)), D(A(S)) is dense in E and does not depend on &;
A(x) is uniformly positive in E. Moreover, there are positive constants C; and C; so that,
for u € D(A), x € R",

Cil|AGo)u| < [|A@u] < G |AGo)u|.

Remark 2.1 The Condition 2.3 is checked for the regular elliptic operators with smooth
coeflicients on sufficiently smooth domains €2 C R™ considered in the Banach space E =
Ly, (2), p1 € (1,00) (see Theorem 4.1).

Theorem 2.2 Assume all conditions of Theorem 2.1 and Condition 2.3 are satisfied. Then
forf € X and ) € S(¢) problem (1.2) has a unique solution u € Y and the coercive uniform
estimate holds,

> D ul + Aullx < CIFllx.

la|<t

Proof By applying the Fourier transform to equation (1.2) we obtain D(&,1)i(§) = f &),
where

D(g, ) = [A@E) + L&) + 2]

So, we see that the solution of equation (1.2) can be represented as u(x) = F'D(g, )»)f.
Moreover, by the Condition 2.3 we have

|AFD(E, )7 | < M| AG)FD(E, 17| -

Hence, by using the estimates (2.8) it is sufficient to show that the operator functions
o -

Z\alsl M= T £9D(&,1) and A(£y)D(£, 1) are multipliers in X. In fact, in view of (3) part

of Condition 2.2 and R-positivity of A these are proved by reasoning as in Lemma 2.3.

O

Condition 2.4 Let the Condition 2.3 hold and let there be positive constants C; and C,
such that

G Y lalal' < [LE)| < C Y lall&l, &R,
k=1

k=1 =
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and

A(§)A ™ (xo) € Lo (R"; B(E)), &,% €R",

C ”A(xo)u” < HA(x)u” <C, ”A(xo)u , ueD(A),xeR".

Theorem 2.3 Assume all conditions of Theorem 2.2 and Condition 2.4 are satisfied. Then

for u €Y there are positive constants My and M, so that

Millully < | o = Dul|  + | A % ullx < Moljully.

|| <t

Proof The left part of the above inequality is derived from Theorem 2.2. So, it remains to

prove the right side of the estimate. In fact, from Condition 2.4 for u € Y we have

IA % ullx < M|FA#r|), < C| FAA™ (x0)A(xo)it]|

< C||F"A(xo)it

x = CllAux.

Hence, applying the Fourier transform to equation (1.2) and by a reasoning as in The-
orem 2.2, it is sufficient to prove that the function 3, ., @a&*(3_}_, éli")’l is a uniform
multiplier in X. In fact, by using the Condition 2.4 and the proof of Lemma 2.3 we get the

desired result. Consider the following example. O

Example 1 Let m=2,n=2, E=C, a, = a(x,y), A = b(x,y) such that a(¢) and b(&) are
positive real-valued functions for all & € R? satisfying the Condition 2.2. Consider the

equation

92 9? 9
_d*_u_a* “ —a*—u +b*u:f(x,y)-
dx2 dx 0y dy?

It is clear that the above equation satisfies all conditions of Theorem 2.1, i.e. the above

problem is L,(R?) separable.

Result 2.3 Theorems 2.3 implies that for all # € Y there are positive constants C; and C,
so that

Cillully < [IOullx < Callully.

From Theorem 2.1 we have the following.

Result 2.4 Assume all conditions of Theorem 2.1 hold. Then, for all A € S, the resolvent

of operator O exists and the following sharp estimate holds:

Z |)\|1‘¥ [aq * D*(O + 1) ||B(x) +|Ax(©+1)" ”B(X)

lor| <!

+ ||A(O +)7 ”B(X) <C.
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Result 2.5 Theorem 2.1 particularly implies that the operator O is uniformly sectorial
in X; ie if A is uniformly R-positive for ¢ € (7, 7) then (see e.g [29], Section 1.14.5) the
operator O + a is a generator of an analytic semigroup in X.

From Theorems 2.1-2.3 and Proposition A, we obtain the following.

Result 2.6 Let conditions of Theorems 2.1-2.3 hold for Banach spaces E € UMD, respec-
tively. Then assertions of Theorems 2.1-2.3 are valid.

3 The Cauchy problem for parabolic CDOE
In this section, we shall consider the following Cauchy problem for the convolution
parabolic equation:

ou

E+Zaa*Dau+A*u=f(t,x), u(0,x) = 0, (3.1)
lo|<t

where A = A(x) is a possibly unbounded operator in a Banach space E, a, = a,(x) are

complex-valued functions. For R"*!, p = (p,p1), Z = Ly, (R"*;E) will denote the space

of all p-summable E-valued functions with mixed norm (see e.g. [26], Section 4, for the

complex-valued case), i.e., the space of all measurable E-valued functions f defined on

R™1, for which

Ifllz= (/1;" (/R f e e) |5y ) dx)p dt)p1 < 00.

Let Ey and E be two Banach spaces, where Ej continuously and densely embeds into E.

n+l,
P

Suppose [ is an integer and Wl};; (R"*; Ey, E) denotes the space of all functions u € Y such

that we have the generalized derivatives D,u, D\u € Z, with the norm

n
!
||”||Wl}"y(Rﬁ+1;EO,E) = llullz + I1Dyullz + ZHDkM”Z'
k=1

Applying Theorem 2.1 we establish the maximal regularity of the problem (3.1) in the

mixed norm Z. To this aim we need the following result.

Theorem 3.1 Suppose the Condition 2.2 holds, E is a Banach space that satisfies the uni-
form multiplier condition, and the operator A(S) is uniformly R-positive in E. Then the
operator O is uniformly R-positive in X.

Proof Result 2.3 implies that the operator O is positive in X. We have to prove the R-
boundedness of the set

o1 ={AO0+1)T":reS,}
From the proof of Theorem 2.1 we have

MO+ A =FldE N, feX,
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where

D(g,2) = A[AE) + LE) + 2]

By definition of R-boundedness, it is enough to show that the operator function ®(§,1)
(dependent on the variable A and the parameter &) is a multiplier in X. In a similar manner
to Lemma 2.3 one can easily show that ®(&, 1) is a multiplier in X. Then by the definition

of R-boundedness we have

1 m
[ rom©n ) @
o | X
1 m
- [ norteen) @
0 j=1 X
1 m N &
=/ F'Y ()@ 1) dySC/ D0l dy
0 j=1 X 0l j=1 X

forall&,&,...,&, € R", A, A2y ..oy Ay € Sy fis f2r -+ -5 fin € X, m € N, where {r;} is a sequence
of independent symmetric {—1,1}-valued random variables on [0, 1]. Hence, the set o (§, 1)

is uniformly R-bounded. O
From Theorem 3.1 and Proposition Ay we obtain the following.

Result 3.1 Let conditions of Theorem 3.1 hold for the Banach spaces E € UMD. Then the

assertion of Theorem 3.1 is valid.
Now we are ready to state the main result of this section.

Theorem 3.2 Assume the Condition 2.2 holds for ¢ € (%, 1), E € UMD, and the operator
A(€) is uniformly R-positive in E. Then for all f € Z equation (3.1) has a unique solution
u € Wyl (R E(A), E) satisfying

+

Proof It is clear that

u

|, 2l D"u], + N4 5 ullz < CIf Iz (3.2)

la|=t

Z =Ly (R,;X), Wy, (RIS E(A), E) = Wy, (R,;D(0), X).
Therefore, the problem (3.1) can be expressed as

% +Oult)=f(B,  w(0)=0, teR,. (3.3)

By virtue of [1], Theorem 4.5.2, X € UMD provided E € UMD, p € (1,00). Then due to
R-positivity of O with ¢ € (7, ), by virtue of [1], Proposition 8.10, we see that for f €
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Ly, (R,; X) equation (3.3) has a unique solution u € Wl}l (Ry; D(0), X) satisfying

du
‘ I +10ull,, ,:x) < Cllf Ly, @020
Lpl (R+;X)
In view of Results 2.2, 2.6, from the above estimate we get (3.2). 0

4 Degenerate convolution-elliptic equations
Consider the problem (1.1). Let

X = L,(R"E), Y =W\ (R E(A),E), pe(1,o00).
We show in this section the following result.

Theorem 4.1 Suppose the Condition 2.3 holds. Then for allf € X there is a unique solution
of the problem (1.1) and the following coercive uniform estimate holds:

]

D AT g x Du ¢ + A ullg + M ullx < CIflx- (4.1)

la|<t

Proof Let us make the following substitution:
xk
yk=[ y@dz, k=12...n. (4.2)
0

It is clear that under the substitution (4.2), DIy transforms to D*u. Moreover, the
spaces X and Y are mapped isomorphically onto the weighted spaces L,7(R";E) and
W;;(R”;E(A),E), respectively, where

Yy = )7()/) = J/(x()’)) = y(xl(yl);x2(y2)x~~1xn(yn))'

Moreover, under the substitution (4.2) the degenerate problem (1.1) is transformed into
the following non-degenerate problem:

Zaa*Dau+(A+k)*u=f, (4.3)

le|=t

considered in the weighted space L, (R"; E) where

Ay = Ay (77()/))’ u= ﬁ()’) = M(?(Y))r A= A(y) = A(V()’))y f 2_7()’) =f(77()/))
Then in view of Theorem 2.1 we obtain the assertion. O

Now, we consider the Cauchy problem the degenerate parabolic convolution equation

0
8_Lt[ + ay * Dy + Axu =f(¢t,x), (4.4)

<t

u(0,x)=0, teR,,xeR"

By using the map (4.2) we derive from Theorem 3.2 the following result.
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Theorem 4.2 Assume the Condition 2.3 holds, for 5 < ¢ < 7, then problem (4.4) for all
f € Ly(R™YSE) (p = (p,p1)) has a unique solution u(t,x) and the following estimate holds:

Result 4.1 If we take |a| =2, n = 2, then we see from Theorem 4.2 that the Cauchy prob-

u

[e]
9t + Z |aq + D* ””Lp(ze'fl;e) + 1A ull Ly rerpy < ClF Il erens)-

Ly®RIGE) (g2

lem

du a2y al2ly a2y
Fv +an * 9.2 +dio * o * W +Axu=f(tx%), u(0,x) =0, (4.5)

+
8x1 axz

has a unique solution satisfying the coercive estimate

for all f € Lp(R%;E).

2

3

3
Lp(RGE) =1

3%y
(1] 5,.1]
dx; -~ 0x;

u
ot

ajj * +[|A * u||Lp(R§r;E) = C”f”Lp(Ri;E)

Lp(R3:E)

5 Boundary value problems for integro-differential equations
In this section by applying Theorem 2.1, the BVP for the anisotropic type convolution
equations is studied. The maximal regularity properties of this problem in weighted mixed
Lp,, norms are derived. In this direction we can mention e.g. [2, 16], and [19].

Let Q = R” x Q, where © C R* is an open connected set with compact C*”'-boundary
9. Consider the BVP for integro-differential equation

(L+ANu= Z ag * D%u + Z (banaD;‘ + A) xu=f(xy), x€R',yeQ, (5.1)
lae|<t lee| <2m
Bu= Y bp()Dlulx,y)=0, yedQj=12,...,m, (5.2)
|Bl<m;
where
.0
Dj:_l_’ y=(y1,-~~:yu), by = by (%), N =77a()’),
ayj
ag = ag(x),  a=(0,0,...,0,), a4y =ae(x), u=u(x,y).

In general, [ # 2m so, equation (5.1) is anisotropic. For [ = 2m we get an isotropic equation.
LetQ=R"x S, p = (p1,p),and y (%) = |x|*, Lp,, () will denote the space of all p-summable
scalar-valued functions with mixed norm (see e.g. [26], Section 4), i.e. the space of all
measurable functions f defined on Q, for which

|lf||LP,y(§z) = (/1;’1 (/S;V(xry)‘ply(x)dx>m dy)p < 00.

Analogously, Wliy (Q) denotes the weighted Sobolev space with corresponding mixed
norm [26], Section 10. Let Q denote the operator generated by problem (5.1)-(5.2). In this
section we present the following result.
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Theorem 5.1 Let the following conditions be satisfied:

1) 1y € C(Q) for each |a| = 2m and n, € Loo(Q) + L, () for each |a| = k < 2m with
re > p1, p1 € (1,00), and 2m - k > é, Vo €ELoo, - l<a<p-1,k=1,2,...,n;

(2) bjg e C¥=mi(3Q2) for each j, B, mj < 2m, p € (1,00), A € Sy, ¢ € [0,7);

() foryeQ,E R, 0 € Spor 00 €(0,%), |l +|o| #0 let o + ZM:M Ne(NEX #0;

(4) for each yo € 32 local BVP in local coordinates corresponding to yo

o+ Y nao)DD() =0,

|la|=2m

Bio¥ = > biplyo)DPOG) =hj, j=12,...,m,

=

has a unique solution © € Cy(R,) for all h = (h1, ha, ..., h,y) € R™ and for & € R* with
€] + A #0;

(5) the (1) part of Condition 2.2 is satisfied, 4, b, € C" (R") and there are positive con-
stants C;, i =1,2, so that

’

€11 DP 4, (8)] < G, E1P1|DPby(€)| < Calba(®)

§ e R"\{0}, B €{0,1},0 < |B| = n.

Then for f € LW(Q) and h € S, problem (5.1)-(5.2) has a unique solution u € Wé,y(fz) and

the following coercive uniform estimate holds:

e
Z AT Hﬂa *Da””Lp,y(fz) + ”|)‘|”||Ll,,y(§z)

la|=<t

+ > || banaD” *MHLP‘V(Q) <Clfl,, @

lee|<2m

Proof Let E = L, (). It is well known [27] that L,, (2) is a UMD space for p; € (1,00).
Consider the operator A in L, (2) defined by

D(A) = W;{”(Q;B/u =0), Ay = Z bo (X)ne (y)D* u(y). (5.3)

loe|<2m

Therefore, the problem (5.1)-(5.2) can be rewritten in the form of (1.2), where u(x) =
u(x, ), f(x) = f(x, -) are functions with values in E = L,, (€2). It is easy to see that A(&) and
DﬂA(é) are operators in L,, (2) defined by

D(A) =D(DPA) = W (QBu=0),  AEu= Y ba(&)1a()D"u(y),

lee| <2m

D{AEM =y Diby(€)na()D u(y).

|| <2m

By virtue of [10], Theorem 4.1, we have

[@+ wul,, @ = Clullygue = ClA+wu], o
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|4+ pull, g < Cllullwzno < C[(D"A + 1)

Ly, (@ ””Lpl(sz)'

Moreover, by using condition (5), for u € W;{”(Q) we have

|€||ﬂ‘ || (D?A + /’L)M”Lpl(ﬂ) < CH(A + M)u”Lpl(Q).

Moreover, by [28] we see that the space L, (€2) satisfies the multiplier condition. Then
all conditions of Theorem 2.1 hold and we obtain the assertion. O

6 Infinite system of IDEs
Consider the following infinite system of convolution equations:

Z g * D%u,, + Z(d,- +A) xui(x) =fiu(x), xeR',m=12,.... (6.1)

| <t j=1

Condition 6.1 Let-1<a <p-1,k=1,2,...,n There are positive constants C; and C; so
that, for {d;(x)}{° € [, for all x € R” and some x, € R",

Ci|dj(x0)| < |dj(x)| < Ca|dj(x0)].
Suppose ay, (Aim € C"(R") and there are positive constants M;, i = 1,2, so that

)

€11 DPag (€)| < M, |61 DP d,(£)| < Ma|dyn(8)

& e R"\{0}, B« €{0,1},0 < |B] < n.
Let

D(x) = {dm(x)}, d, >0, u={uyu} Dxu=1{d,*u,},
1
o q
ly(D) = iu € ly lulliymp) = (Z|dm(x0) * um|q) < oo}, l<g<oo.
m=1
Here y (x) = |x|*. Let Q be a differential operator in L, ,, (R"; [;) generated by problem (6.1)
and
B= B(Lp,y (Rn5 lq))'
Applying Theorem 2.1 we have the following.

Theorem 6.1 Suppose Condition 2.2(1) and Condition 6.1 are satisfied. Then:

(@) for all f(x) = {fu(X)}1° € Ly, (R"; 1,(D)), for & € Sy, ¢ € [0,7) problem (6.1) a unique
solution u = {u,,(x)}{° that belongs to WIIJ:V(RH; l4(D), 1) and the coercive uniform estimate
holds,

Z |)\.|1_|il‘ ”aa *Dau”Lp,y(R";lq) + ||D k u||Lp,y(R”‘;lq)

o<t

+1ANullL,, ®ey) < CIFllL,, @)
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(b) for i € S,, there exists a resolvent (Q + )™ and

> faw [D7(Q+ )7

o<t

+ ||D *x(Q+ ) ”B + ||A(Q +2)7 ||B <C.
Proof In fact, let E = I; and A = [d,,(x)8jn], m,j = 1,2,...,00. Then
AE) = [dnE)8im],  DPAE) = [DPdp(€)8im], mj=1,2,...,00.

It is easy to see that Ag) is uniformly R-positive in /; and all conditions of Theorem 2.1
hold. Moreover, by [28] we see that the space /; satisfies the multiplier condition. There-
fore, by virtue of Theorem 2.1 and Result 2.4 we obtain the assertions. O

Remark 6.1 There are a lot of positive operators in concrete Banach spaces. Therefore,
putting in (1.1) and (3.1) concrete Banach spaces instead of E and concrete positive differ-
ential, pseudo differential operators, or finite, infinite matrices, etc. instead of A, by virtue
of Theorem 2.1 and Theorem 3.2 we can obtain the maximal regularity properties of dif-
ferent classes of convolution equations and Cauchy problems for parabolic CDEs or their
systems, respectively.
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