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Abstract In this paper, we consider the problem

YWHg@y=»xry, 0<x<l1,

Y1) = (=D7 ¥y (0) + oy’ (0) + yy (0) = 0,

Y (1) = (=7 y"(0) + By (0) =0,

Yy () = (=D7y"(0) =0,

y(H) = =Dy 0)=0
where A is a spectral parameter; g (x) € L1 (0, 1) is a complex-valued function; «, 8, y are arbitrary complex
constants and o = 0, 1. The boundary conditions of this problem are regular, but not strongly regular. Asymp-
totic formulae for eigenvalues and eigenfunctions of the considered boundary value problem are established
and it is proved that all the eigenvalues, except for a finite number, are simple in the case 8 # 0. It is shown
that the system of root functions of this spectral problem forms a basis in the space L, (0,1),1 < p < oo,
when a8 # 0; moreover, this basis is unconditional for p = 2.
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1 Introduction

Henceforward, by L we denote the differential operator generated by the differential expression

I =y"+qx)y, xe€(,1) (1)

and the boundary conditions

Us(y) =y" (1) = (=D y" (0) + oy’ (0) + yy (0) = 0,
Us(y) =y" (1) — (=1 y" (0) + By (0) =0, (2)
Us(y) = y® (1) = (=1)° y® (0) =0, s=0,1,

where ¢ (x) € L1 (0, 1) is complex-valued function; «, 8, y are arbitrary complex constants and o = 0, 1. It
is easy to verify that boundary conditions (2) are regular, but not strongly regular.

In this paper, under the condition o # 0, the structure of the system of eigenvalues and the system of
root functions of the operator L is established; the asymptotic formulae for eigenvalues and root functions are
obtained; the basicity of the system of root functions of this operator in the space L, (0,1),1 < p < o0 is
proved.

In [11], the following problem is considered:

YWHpp @)Y +prx)y +pox)y=21y, 0<x<l,
s—1

YO M) = (=D 0) + D s yP (0 =0, s=1,2,3,
=0

y(1) = (=17 y(0) =0,

where p; (x) € L1(0,1), j = 0,1,2, are complex-valued functions, e, s = 1,2,3,1 = 0,5 — 1, are
arbitrary complex constants and o = 0, 1. Under the condition of o3 » + @10 # a2, 1, the asymptotic formulae
for eigenvalues and root functions are obtained; all the eigenvalues except for a finite number are simple is
proved; it is shown that the system of root functions of this spectral problem forms a basis in the space L, (0, 1),

1 < p <oo,whenp;(x) € W{ (0, 1), j =1, 2. However, we assume «32 = a2,1 = 1,0 = 0 in the present
research. Therefore, this paper can be regarded as the continuation of [11], but is not a special case of it.

It is known that the system of root functions of an arbitrary even order differential operator with strongly
regular boundary conditions forms an unconditional basis in L, [13,22].

However, except the results on block-basis property (or the basis property with bracket) of a system of root
functions (see e.g., [24]) the basicity in L, (0, 1), 1 < p < o0, of the system of root functions of the ordinary
differential operators with not strongly regular boundary conditions has not been studied in detail.

An example of a differential operator with regular boundary conditions (but not strongly regular) whose
root functions do not form a basis in the space L is given in [13].

In [12], it is established that, under the conditions ¢ (x) € C® [0, 1] and ¢ (1) — g (0) # 0, all the
eigenvalues of the differential operator generated by the expression I (y) = y” + g (x)y, x € (0, 1) and
periodic (antiperiodic) boundary conditions starting from some number are simple and root functions of this
operator form an unconditional basis of the space L». Note that periodic and antiperiodic boundary conditions
are regular, but not strongly regular.

Makin [14-17], Djakov and Mityagin [3—6] have investigated in detail some spectral properties of Sturm—
Liouville operators with not strongly regular boundary conditions.

The existence of a wide class of boundary value problems for second-order ordinary differential operators
with regular, but not strongly regular boundary conditions, whose system of root functions does not form
a basis in L, is established in the paper [14]. Some sharp results on the absence of the basis property are
obtained in [3].

It is proved in [15] that the system of root functions of the differential operator

L) =y"+qx)y, YD) =Dy 0)+yy©) =0, y(1)—(=D)7y0)=0

forms an unconditional basis of the space L, (0, 1), where ¢ (x) € L1 (0, 1) is an arbitrary complex-valued
function, y is an arbitrary nonzero complex constant and o = 0, 1. Under the condition y = 0 (periodic and
antiperiodic boundary conditions) in [4] and [16], necessary and sufficient conditions of unconditional basicity
in L (0, 1) of the system of root functions of the above differential operator are obtained in terms of the Fourier
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coefficients of the potential ¢ (x) (see also [7,18-20,25]). Some other interesting results about Riesz basicity
of root functions of such operators with trigonometric polynomial potentials are obtained in [4,5]. Moreover,
recently, Djakov and Mityagin [6] proved a general criterion for basicity in terms of the Fourier coefficients
of the potential.

We refer to [2,9,21,26,27] where spectral properties of boundary-value problems for ordinary differential
operators with regular boundary conditions (but not strongly regular) are studied.

Let ¢ be a fixed nonzero complex number. By /7, we will denote the unique root of the equation x> —¢ = 0,
satisfying the condition 0 < arg v/t < 7.

The following assertions are the basic results of this paper:

Theorem 1.1 Let g (x) € L1 (0, 1) be arbitrary complex-valued function and af # 0. Then all eigenvalues
of differential operator (1)—(2), except for a finite number, are simple and form two infinite sequences A, 1 and
An2, n=1,2,.... Moreover, for sufficiently large numbers n, the asymptotic formula

2(=1)/ JaB +0 (Y

hngn;j = (@n—o)m)*{1
wp = (G = T G oy iy

3)

is valid, where j = 1,2 and ny, ny are certain integers. Furthermore, for sufficiently large numbers n, the
corresponding eigenfunctions, u, 1(x) and u, 2(x), n = 1,2, ..., have the following asymptotic formula:

Untn;.j (X) = iccos 2n — o) rx + (—1)/ Vapsin@n —o)rx+0 (n7). 4)

Theorem 1.2 Let all conditions of Theorem 1.1 be fulfilled. Then the system of root functions of differential
operator (1)—(2) forms a basis in the space L (0, 1), 1 < p < 00, and this basis is unconditional for p = 2.

Corollary 1.3 Let all conditions of Theorem 1.1 be fulfilled. Then n1 +ny = 1 — o and we can choose ny = 0
and ny =1—o.

2 Some auxiliary results

Let

Soz{peC:Ofargpfg}, (5

where C is the set of complex numbers. We denote by wy, k = 1, 4 different 4-th roots of —1. It is known that
the numbers wy, k = 1, 4 can be ordered in such a way that for all p € Sy the inequalities

R (pw1) <N (pw) < NR(pw3) < NR(pwq) (6)
hold, where )i (z) means the real parts of z (see [23, Chapter II, § 4.2]). Henceforward, the numbers wy,

k =1, 4 will be such that for all p € Sy the inequalities (6) are valid. It is proved that in this case the numbers
wk, k = 1, 4 can be determined using the equalities (see [23, Chapter II, § 4.8])

w) = Ay = e I e =T g = T %
It is easy to see that
W] = —w4, W3 = —w3. ®)
Lemma 2.1 [12] In Sy, the following inequalities are valid:
V2 V2
N (pwr) = -5 lol, N (pws) = - lol. )
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Consider the domain obtained from the sector Sy (see (5)) by a translation p — p — ¢, where c is a fixed
complex number. This new sector with its vertex at the point p = —c will be denoted by Ty. For the new sector
Ty, the inequalities (6) and (9) will be rewritten in the forms

R(p+c)w) =R((p+c)w2) =R((p+c)w3) =NR((p+c)wa), (10)
2 2
m((P‘FC)CUl)S_\/T—LO'FCL m((ﬁ+6)w4)2\/7_|,0+6|~ (1)

Fix such a domain 7j. For p € Tj, the equation

[()+p'y=0 (12)

has four linearly independent solutions yx (x, p), k = 1, 4, satisfying properties listed below (see [23, Chapter
11, § 4.5-4.6]).

(a) These solutions are regular if |p| is large enough.
(b) The derivatives satisfy the integro-differential equations

X

oy (x,p) 1 [3°Kyi(x,&,p)
B e p*wpelt + W/Tq (&) yr (§) d&
0
1 l Ky (x,&, p)
2(X, 6,0
=S P de, 13
yv S (6) i (6) dé (13)
X
where s = 0, 3 and
k 4
Kt (X8, p) = D 0ae” ™) Kio(x.6,p) = D weel 5, (14)
a=l1 a=k+1
(c) Itis known (see [23, Chapter II, § 4.5]) that
d*yk (x, p)
yilT = p'ef Mz s (x, p), (15)

where zx s (x, p) is an analytic function of p and satisfies

s (P =0l +0 ("), k=T74 s=073 (16)
From (13)—(15), we have
s+1 x
s W
Zk,S (X, p) = a)k + 4p3 /q (g) Zk,O (Ea IO) d?;:
0

X

k—1
1 . - -
T2 / q (€) k0 (5, p) e dg
a=1 0

1

4 1
ys z wfxﬂ/t] (&) zk,0 (&, p) P @8] g 17
X

a=k+1
Note that by (10) we have

N (p (@« —wp)) =N ((p + ) (@0« —wp)) =9 (c (0x —wp)) 2]
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where 1 < o < 8 < 4. From here and (16), we obtain

X

/ q &) zk0 (&, p) el @R de = 0 (1), a<k

0
1

/ q (&) zk0 (£, p) eP @ @08 de = 0 (1), a >k,

X

where k = 1, 4. Consequently, it follows from (16) and (17) that

Zs(x, p) = wf + 0(p 7). (18)

Lemma 2.2 The following assertions are true:

() Let {e,};2 be an orthonormal basis in a Hilbert space H and a, b, c,d be complex numbers which

(ii)

Proof

satisfy the condition ad — bc # 0. Then the system { f,,}7 , defined as

fo=eo, fa—1 =aey_1+bexy, fr=cey_1+dey, n=12,... (19)

is a Riesz basis in the space H.
Let {e,,},‘:o:1 be an orthonormal basis in a Hilbert space H and a, b, ¢, d be complex numbers which
satisfy the condition ad — bc # 0. Then the system { f,,}° | defined as

fon1 = aexy1 +beyy,  fon =cey 1 +dey,, n=12,...
is a Riesz basis in the space H.

(i) Since {e,};2, is an orthonormal basis, then it is complete, so the system { f,,}°2 , is also complete.
Let

/ / / / / / /
fo=eo, fo_1=aeyu1+bey, f,=ceyu_1+dey, n=12..., (20)
where

a4 - a-__ b G-

ad — bc’ "~ ad — be’ "~ ad — be’ ad — bc’

Note that, since a’d’ — b'c’ # 0, { f,{}ZO:O is complete in H, as well. One can easily see that { f,:}zozo is

biorthogonal to { f; ,‘:O:O, 1.€., (f,,, f,;l) =8y, m,wheren,m =0,1,2,..., (,)denotes the inner product
in the space H and 6, ,, is Kronocker symbol. Because the system {e, } >, is an orthonormal basis, it
holds Bessel inequality, so (19) and (20) also hold, i.e., for all x € H

S )2 <400, S| (%, )P < +oo.
n=0 n=0

According to [8, Chapter VI, § 2.2, Theorem 2.1], (19) is a Riesz basis in H.
The assertion (ii) can be proved in the same way as above. O
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3 Proof of Theorem 1

For simpler representations, we rewrite the boundary conditions (2) in the following form:
s—2
Us ) =y (1) = (D7 3y 0 + D o yP (0) =0, s=0.3, 1)
=0

where w3 1 = o, 20 = fand a3z g = y.
Let

Us (y1) Us(y2) Us(y3) Us(ya)

_ U201 Uz (y2) Uz (y3) Uz(ya)
APY=10iGn) U Gn) U () U () | @2)

Uo (y1) Uo(y2) Uo(y3) Up(y4)

where yi (x, p), k = 1, 4 are the linearly independent solutions of (12). It is known that if we properly choose

the vertex p = —c of the domain 7, then the eigenvalues A of the differential operator (1)—(2) whose absolute
values are sufficiently large have the form A = —p*, where the numbers p are the roots of the equation
A(p)=0 (23)

in the domain 7y, and the set of such points p includes all the roots of (23) in the domain Ty except for a finite
number (see [23, Chapter II. § 4.9]).
By (15) and (21) for s = 0, 3, k = 1, 4 we have

zas,le,l 0, p) ] (24)

Nt
Us () = p° ’epwka,s (1, p) = (=17 2k (0, p) + D =2
=0

According to (11), e”*! tends exponentially to zero and e”“* tends exponentially to infinity. Consequently,
by (18) and (24) the following equalities are valid:

s—2
, 12k O, .
Us G1) = — (=1)° p° {Zm 0.p) — (=1)° Z%jp) +0(p 5)] ,

=0
Us on) = pe fza, (1 p) + 00079 5 =03, (25)
Let
, Bz 0, p)
215 (0. p) — (—1)7 D =R itk =1,
=0
Asi (p) = 52 0 (26)
epa)ka P (1’ )O) _ (_1)(7 ks (0’ ,0) + Zw’ ifk = 2’ 37
) > s—I1
=0
LZ4,S (1a10)9 1fk=4

By (24)—(26), we have
Us ) = = (=17 o { A1 (0) + 007},
Us 0n) = pe 4,4 () + 0007}, 27)
Us (yk) = p*Ag i (p), k=2,3.

We substitute these expressions in the Eq. (23) (see (22)) and divide out the common factors p3, p2, p of
the rows and also the common factor —(—1)? and e”®* of the first and last column of the determinant A(p),
respectively. Then the Eq. (23) can be written in the form

AV () +0(p™) =0, (28)
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where

Asz1(p) Asz2(p) Az3(p) Asz4(p)

M, |A2z1(p) A22(p) Ax3(p) Az4(p)

AT =1AT () Ala(p) Ars(p) Ars(p)| 29)
Ap,1 (0) Ao2(p) Aoz () Ao4(p)

By using the formulae (64) and (65) in [12], we get that if p is a root of equation (23) or (28), then the
equality

e’ — (=) =0(p™?), k=2,3 (30)
is valid. From here and the relations (18), (26) we infer that

A1 (0) =&} +0(p72), Aga(p) =w)+ O0(p?),

Qs 52w,
Asi (p) = 0} (7% = (=1)7) + =57 —+ 0(o7") (31)
Ak (p)=0(p™?), s=0,3, k=2,3.

From here and (29), we deduce that the Eq. (28) is equivalent to
AP () + 0(p™) =0, (32)
where

@ (P2 = (=1)7) w3 + L2 (% — (1)) 0 + 5 o]

0
A% (p) = |0 @2 = (DN @+ 5 @0 = (=D ei+ [ o] (33)
w1 (€72 — (=1)%) wn €’ — (=1)%) w3 o4
1 (epwz — (—1)0) (epw3 _ (_1)0) 1

Calculate the determinant (33). By (7), the Eq. (32) is equivalent to

16 (eﬁwz _ (_1)(7) (e,ow3 _ (_1)(7) _ 4i (Ol + IB) (e/;wz - (_1)0)

. e - 0 (34)
4 (oz+ﬁ)(e"2 D )_@+0(p*5)=0-
0 P

We multiple (34) with —%e"""z. From (8) and (30), we can rewrite the Eq. (34)

(8 1) + 2i (oe2+ﬂ) 2002 o (8 L2EDTi@p) @) N

0 p? o
+ (8 (- 2208 (0;; ﬁ)) +0(p™) =0.

The last equation splits into two equations:

ivep

7 T 0(p™), (35)

e’ = (—1)7 —

ivap
202

2 = (—1)° + + 0. (36)

We will investigate the Eq. (35). By using Rouche’s theorem, it can be proved in a standard way that
the roots p € Tp of the Eq. (35) whose absolute values are sufficiently large lie on the domains G, C Tp,

n = ng,no + 1,..., where G, is the O(n’l)-neighborhood of the point —(2n — o)mi/wy and ng is a
sufficiently large natural number (see [23, Chapter II, § 4.9]). Moreover, (35) has a unique root within each
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Gn,n=ng,ng+1,....Let p be the root of the Eq. (35) belonging to G,,. Let us use the equalities (67) and
(71) from [12]. According to these equalities

5:_(2n—0)ni+r, r:O(n_z). (37)
)

The expression of r can be improved in the following way. From (37), it holds that

l_ —w2 -3 pPwr __ (_1\O —4
ﬁ_—(Zn—a)ni+0(n ), ef?? = (—1) {1+ra)2+0(n )} (38)

Writing o = p in (35) and using the relations (38), after simple transformations we have

— (=17 Jop +0n).

. 39
207 ((2n — o) 7)? 39)
Thus, by (37) and (39), within O (n~')-neighborhood G, of the point z, = — (2n — o) mi/wy, n =
ng,no + 1, ..., Eq. (35) has the unique root
_ 1 . Vo -3 ]
= den-—oymi+—Y* L o@m3)!. 40
P == [( 7 e T o) (40)

Similarly we find that, within O(n_l)-neighborhood G, of the point z,,, n = ng,no+ 1, ..., Eq. (36) has
the unique root

~ 1 ) Jap 3 ]
=——{2n—-o)ni —— 4+ 0 (n . 41
Pn.2 w2|< 7= e T o) (1)
We seek the eigenfunction i, j(x), j = 1, 2, corresponding to the eigenvalue A = —(,5,1,]-)4, j=1,2,for
sufficiently large n, in the form
, T (=17 y1 (x, p) y2 (x, p) y3 (x, p) e P yy (x, p)
o= P [T EDTPTIUS ) pTIUs () pTIUS(3)  pe MU (va) “2)
" 47| =072 p P2 (2) P PU2(33) p e P UL () |
— (D77 UL D) e UL ) pTUL () pT e TP UL ()
where p = P, ;.
From (31), we get
AS,k (10) = 0(1)’ s ZO’_35 k:17_47 (43)
in addition, it holds for p = p,,;
e(x,0)=01), k=1,2,3, e "y (x,p)=0(1). (44)
In view of (27) and (42)—(44), we have
L= EDT v ) 2 (6, ) y3(x, 0) PP ya(x, p)
T () = 2| A3 () A3 (p) A33(p) Asa(p)
" 4 (A1 (p) Arz(p) A23(p) Aza(p) (45)
A1 (p) Ar2(p) A13(p) Ara(p)
+0 (077),
where p = P, ;.
Taking into account (31), (44) and (45), we have
/02 1
Up,j (x) = T {y3(x, ) E2(p) —y2(x, p) E3(p)} + O(p™ "), (46)
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where p = p, ; and
Az 1(p) Aszk(p) A3z4(p)
Er(p) =|A21(p) Azx(p) Az4(p) , k=23,
A1 (p) Atk (p) Ara(o)| -
=P, j
From (31), (35) and (36), we obtain

. _ ] _(_ k
2 (=D @ (1) +0(p73), (47)
P

where k = 2,3 and p = p, ;. Besides, because of (15), (18), (40) and (41), we have

Er(p) =

Va2 (x’ ,En,j) — ef(anrr)rrix +0 (n72) R (x’ "5”,]_) — e(2nfa)nix 10 (}172) ;
~ =1 _
(Pnj) =0(n"").
where j = 1, 2. Taking into attention these expressions and (46), (47), we have the representation for j = 1, 2,
iy j (x) =iacos2n — o) wx + (1) aBsin(2n — o) rx + O (n_l) . (48)

It is easy to see from (48) that, for sufficiently large numbers n, the principal parts of the functions ;1 (x)
and i, » (x) are linearly independent.

Thus, it was established (see the formulae (40) and (41)) that there exist two infinite sequences of simple
eigenvalues

Mo> Aot Mg - - (49)
PN NP ST (50)
and the asymptotic formulae
- 2/ap _
W= (pna)" = 2n—07‘[4[1——+0n4] 51
p= =) = @t 1= s 0 () &)
- 2/apB _
No=— g 2—0n4l1+—+0 4] 52
n (Pn2)” = (@n—o)m) (o ni) (n™%) (52)

are valid. Besides eigenvalues (49) and (50), there exists only a finite number of eigenvalues counted with their
multiplicities. Assume that besides eigenvalues (49) and (50), the differential operator L has m eigenvalues
counted with their multiplicities. Let m = m; + my, where m| and m, are arbitrary nonnegative integers.
Add m (m) numbers from the remaining m eigenvalues to the sequence (49) (respectively (50)). We get two
sequences of the form

C1,€2y -’y Cmys A.;lo, )\;104_1, )\;104_2, co, diyda, o dyy, )‘;l/o’ )‘Zo—&—l’ )»Z0+2, e
Denote these sequences of eigenvalues by
A1, A2 05 e Andy e
and
A2, X202, s An 2y s
respectively. It is easy to see that
An+n1,1 = )\;,a )"n+n2,2 = )";,/7 n = no, (53)

where ny = m; —ng + 1 and np = my — ng + 1. The formula (3) is directly obtained from (51)—(53). In a
parallel way, repeating similar reasoning with appropriate sequences of root functions, the asymptotic formula
(4) is obtained from (48).
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4 Proofs of Theorem 2 and Corollary 1

Let
v, (), 012 () 5 Un1 (1), U2 (X)) - (54
be the system which is biorthogonally conjugate to the system
uin (0) w12 (X))o o w1 (X)), up 2 (X) 5. (535

1.€., (un,j, vm,s) =8mbjs,n,m=1,2,...,j,5s=1,2 Itis well known from [13, p.84] or [23, p.99] that
(54) 1s the system of root functions of the differential operator L* which is the adjoint operator to L. The
differential operator L* is generated by the following differential expression
I"(2) =2" 44 )z

and adjoint boundary conditions

Uy @ =z(1)—(=1)7z(0) =0,

Uf(@=71) - (=177 (0) =0,

Us (@) =7"(1) = (=17 7" (0) —@z (0) = 0,

Ui () =2" (1) — (=17 " (0) — Bz' (0) + ¥z (0) = 0.

Since the conditions B # 0 and ¢ (x) € L; (0, 1) also hold, according to Theorem 1.1, for sufficiently
large numbers n, it follows that for sufficiently large n the equality

Unnj.j (X) = Fgn;.j [—iBcos @n — o) mx 4+ (=) \JaBsin(2n — o) nx + O (n7')] (56)

holds, where j = 1,2 and r,4, j,j are some numbers determined by the equality (un+,, jois Undnj, j) =1,
Jj =1, 2. From here and the asymptotic formulae (4), (56), for sufficiently large n, we have

1
rn—i—nj,jzﬁ‘i‘O(l’l_]), j=172.

Consequently, from (56), again for sufficiently large numbers n,

_ i G O :
Untnj,j (x):—acos(2n—a)nx+ NCTi sm(2n—o)rrx+0(n ) j=172. 57
Let
g0 () =1, gum_1 (x) =~/2sin2nmwx, g, (x) = +/2cos2nmx, (58)
Zm_1 =+/2sin(2n — ) wx, Zom = ~2cos 2n — 1) 7x, (59)
ho(x) =1, hyu—14j (x) =iacos2nmx + (—1)j /oTﬁsin 2nmx, (60)
Mom—1y+j (x) = i@ cos 2n — 1) wx + (= 1) /B sin 2n — 1) x, 61)

wheren = 1,2, ..., j = 1, 2. Each of the systems (58) and (59) is an orthonormal basis of the space L> (0, 1).
From the asymptotic formulae (4), (57), it is obvious that each of the systems (54) and (55) satisfies the Bessel
inequality. Namely, for an arbitrary function f (x) € L3 (0, 1),

oo 2

D> | (feun )| < oo iZ |(f. vn,j)|” < +o0.

n=1j=1 n=1j=1

Furthermore, each of the systems (54) and (55) is complete in the space L (0, 1) (see e.g., [24]). Consequently,
each of these systems forms a Riesz basis of the space L7 (0, 1) (see [8, Chapter VI, § 2.2 Theorem 2.1]).
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Let us prove Corollary 1.3. According to Lemma 2.2, each of the systems (60) and (61) (see (58) and (59))
is a Riesz basis in the space L; (0, 1). Consider the case o = 0. The case o = 1 can be checked in the same
way by using (61). Assume that n; > 0 and ny > 0. From the asymptotic formulae (4) and the definition of
{hx ()} (see (60)), we obtain

oo ) ) o0 1
3 (s = hzuct [+ a2 = B |*) < constY" = < +ov. (62)

n=1 n=1

It is easy to see that n| + ny root functions of the operator L and one function from system (60) are absent in
(62).Letn| +ny > 1. Inthis case, by (62), the system S generated by all functions except n] +n, — 1 functions
from the system (55) is quadratically close to system (60). Since (60) is a Riesz basis of L (0, 1), then S also
forms a Riesz basis of L (0, 1) [8]. The latter contradicts the basicity of the system (55) in L> (0, 1).

Letn) = ny = 0. Since (55) is aRiesz basis of the space L» (0, 1), then again by (62) the system {/; (x)}2;
is a basis and this contradicts the basicity of the system {A; (x)}72, in L (0, 1). All the remaining cases can
be investigated in a similar way.

Thus, n1 4+ n> = 1 holds. Therefore, without loss of generality we can assume that n; = 0, np = 1.
Consequently, from (4) and (57), we have

Up1 (x) =iacos(2n —o)mx —/afsin(2n —o)nx + O (nfl) ,
Untl-02 (X) =iacos(2n — o) wx + /aBsin(2n — o) wx + O (n_l) ,

- 1
Vg (X) = —Lcos@n—o)mx — 3 sin(2n —o)mx + 0 (n71), (63)
o
_ j 1
Uptl-0.2 (x) = —;— cos(2n —o)mx + NeTi sin(2n —o)mwx + O (nfl) .

Next, we prove that the system of the root functions of the differential operator L forms a basis of the
space L, (0, 1), where 1 < p < oo and p # 2. As above, we consider only the case 0 = 0. The case 0 =1
is similar. Note that (58) is a basis of the space L, (0, 1) for any p € (1, oo) [1, Chapter VIII, § 20, Theorem
2]. Consequently, there exists a constant M, > 0 ensuring the inequality

SMp”f”p) N=1527"‘7 (64)

N
D (f:8) &
n=0

P

for any function f (x) € L (0, 1), where ||-|| , means the norm in the space L, (0, 1) (see [10, Chapter L, § 4,
Theorem 6]). We now fix p € (1, 2). Since the system (55) is complete in the space L, (0, 1), this system is
complete in L, (0, 1) as well. Moreover, it is easy to see that

| (. vnj) un |, < constlif1l,,

wheren = 1,2, ... and j = 1, 2. Consequently, to prove the basicity of this system in L, (0, 1), it is enough
to prove the existence of a constant M > 0 ensuring the inequality

m 2
S (fovng)ung| =MISI, m=1,2....,

n=1j=1 »

for f (x) € L, (0, 1) (see [10, Chapter VIII, § 4, Theorem 6]). Note that instead of this inequality, under the
same conditions, it is enough to prove the inequality

m
In () = [ DA vnt) tnn + (frvn12) uni2}| <M I£,, (65)
n=1 p
where m = 1,2, ... and M’ is a certain positive constant.
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From (58) and (63), we have

Jm (f) =< Jm,l (f) + Jm,2 (f) + Jm,3 (f) + Jm,4 (f)a (66)
where m = 1,2, ... and
2m 2m
Tnd () =D (frggn| + Ima(H) =D (fren0(m™")|
n=1 P n=1 P
2m 2m
Ins (D =2(H00™)) | » ImaH =D (00
n=1 P n=1 P
By (64),
Im,1 (f) < const| f1l,. (67)

From Riesz theorem, it follows that

2m

Im2 (f) < consty_ |(f, gn)ln™"

n=1

om 1/q 2m 1/p
< const(z I(f, gn>|q) (Z"”) < const| f1l,,» (68)
n=1

n=1

where 1/p + 1/q = 1 (see [28, Chapter XII, § 2, Theorem 2.8]). Further,

2m 2m 5 1/2
Ins () <D (F0 (") e =(Z|(f,0(n—l))|)
n=1 2 n=1
om 1/2
sconst||f||1(2n—2) < const[| /1], - (69)
n=1
Moreover,
2m
Jma < const|[ fll; D n~? < const| £, (70)
n=1

The inequality (65) is a consequence of the inequalities (66)—(70). Thus, the basicity of the system (55) in
the space L, (0, 1) for I < p < 2is proved.

Let2 < p<ooand 1/p+ 1/g = 1. Note that | < g < 2 and the system (54) is the system of the root
functions of the differential operator L*. As it has been proved above, the system of the root functions of such
an operator forms a basis of the space L, (0, 1) for any r € (1, 2), in particular » = g. Thus, system (54) is a
basis of the space L, (0, 1). Consequently, the system (55) which is biorthogonally conjugate to (54) forms a
basis of the space L (0, 1).

Open Access This article is distributed under the terms of the Creative Commons Attribution License which permits any use,
distribution, and reproduction in any medium, provided the original author(s) and the source are credited.
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