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Abstract: |In this paper we consider the problem
yv +p2(x)y” +p1(¥)yY +pol¥)y = Ay, 0<x <1,
s—1
g = (=140 + ) a0 =0 s=123
(=0

y(1) = (=1)7y(0) =0,

where A is a spectral parameter; p;(x) € L41(0,1), j = 0,1,2, are complex-valued functions; a5, s = 1,2,3,
[ =0,s — 1, are arbitrary complex constants; and ¢ = 0, 1. The boundary conditions of this problem are regular,
but not strongly regular. Asymptotic formulae for eigenvalues and eigenfunctions of the considered boundary
value problem are established in the case a3, + a10 # az1. It is proved that the system of root functions of this
spectral problem forms a basis in the space L,(0,1), 1 < p < oo, when a3z + a1 0 # 21, pj(x) € Wi(0,1),j=1,2,
and po(x) € L1(0, 1); moreover, this basis is unconditional for p = 2.
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1. Introduction

It is known [7, 14, 26] that the system of root functions of an arbitrary even order differential operator with strongly
reqular boundary conditions forms an unconditional basis in L,. However, if we put aside the works which cover the
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block-basis property (or the basis property with bracket) of a system of root functions, see e.g. [28], then the basicity
in L,, 1 < p < oo, of the system of root functions of ordinary differential operators with not strongly reqular boundary
conditions has not been studied enough. An example of a differential operator with reqgular boundary conditions (but not
strongly regular) whose root functions do not form a basis in the space L, was given in [14].

In 1976, N.I.lonkin [11] studied a non-classic problem for heat conduction in a homogeneous matter. By separation of
variables, this problem is reduced to the boundary value problem

-y" =Xy, y(0)=0,  ¢'(0)=y'(1),

whose boundary conditions are regular but not strongly reqular. All eigenvalues of this problem, beginning from the
second one, are double multiples and the general number of associated functions is infinite. Nevertheless, it was
established that the system of root functions of this problem chosen in a special way forms an unconditional basis
in L5(0,1).

In [13], it was established that, under conditions g(x) € C[0,1] and g(1) — q(0) # O, all eigenvalues of the differential
operator generated by the expression [(y) = y” + q(x)y, x € (0,1), and periodic (antiperiodic) boundary conditions,
starting from some number are simple and the root functions of this operator form an unconditional basis of L,. Note
that periodic and antiperiodic boundary conditions are reqular, but not strongly reqular.

A.S.Makin [16-21], P.B. Djakov and B.S.Mityagin [3-6] have investigated in detail some spectral properties of Sturm—
Liouville operators with not strongly regular boundary conditions. The existence of a wide class of boundary value
problems for second order ordinary differential operators with reqular but not strongly reqular boundary conditions,
whose system of root functions does not form a basis in L; is established in the paper [16]. Some incisive results on the
absence of the basis property were obtained in [3]. In particular, in [3] examples of potentials, with arbitrary smoothness
such that the corresponding system of root functions does not contain a basis in L,, are given.

It was proved in [17] that the system of root functions of the differential operator
{l(y) =y"+q(y, ()
y'() = (=190 +vy(0) =0, y(1) = (=1)7y(0) =0,

forms an unconditional basis of the space L,(0,1), where g(x) is an arbitrary complex-valued function from the class
L1(0,1), y is an arbitrary nonzero complex constant and o = 0,1. Under the condition y = 0 (periodic and antiperiodic
boundary conditions) in [4, 18], necessary and sufficient conditions of unconditional basicity in L;(0,1) of the system
of root functions of differential operator (1) are obtained in terms of the Fourier coefficients of the potential g(x), see
also [8, 15, 22, 23, 25, 29]. Note that in [4], the class of potentials considered is much wider (the proof is given in [5]).
Some other interesting results about Riesz basicity of root functions of such operators with trigonometric polynomial
potentials were obtained in [4, 5] Moreover, recently, P.B. Djakov and B.S.Mityagin [6] proved a general criterion for
basicity in terms of the Fourier coefficients of the potential (without any restriction on the class of potentials, even for
distribution potentials). We can also refer to [2, 24, 30-32] where spectral properties of boundary-value problems for
ordinary differential operators with regular boundary conditions (but not strongly regular) are studied.

One of the effective ways of investigation of spectral properties of differential operators is the method worked out
by V.A.Ilin and his followers (V.D.Budaey, |.S.Lomov, V.M. Kurbanov, A.S.Makin and others). The present paper was
stimulated by these investigations, see [10].

Henceforward, by L we denote a differential operator generated by the differential expression

(y) =y" +p2x)y" + pr(x)y" + polx)y,  x €(0,1), 2
and the boundary conditions
s—1
Usly) =y (1) = (=1)749(0) + ) _ae1y”(0) = 0, s=12.3, o)
(=0

boly) = y(1) = (=1)"y(0) = 0,
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where p;(x) € L1(0,1), j = 0,1,2, are complex-valued functions; a;;, s = 1,2,3, [ = 0,5 —1, are arbitrary complex
constants; and o =0, 1. It is easy to verify that boundary conditions (3) are reqular, but not strongly reqular.

Usually, in order to investigate spectral properties of differential operators with not strongly reqular boundary conditions,
more exact asymptotic formulae for eigenvalues and eigenfunctions are required. In this paper, such asymptotic formulae
for eigenvalues and eigenfunctions of the differential operator L are established, and the basicity of the system of root
functions of this operator is investigated in the space L,(0,1), 1 < p < oo.

Before we formulate the basic results of this paper we introduce some notations. Assume that W{(O, 1), j=1,2 are
Sobolev spaces, W?(0,1) = L4(0, 1) and

1
o= [ pa@ ez, ()
1 1
dn — /pz(é)eZ(Zn—a)m’{dgl d—n — / pz(g)e—Z(Zn—zr)m'SdE’ (5)
0 0
ey =|dy| +|d_p] +n7". (6)

The following assertions are the basic results of this paper.

Theorem 1.1.
Let pj(x) € L4(0,1), j = 0,1,2, be arbitrary complex-valued functions and let a3, + a1 # 1. Then all eigenvalues
of differential operator (2)—(3), except for a finite number, are simple and form two infinite sequences A,;, n =1,2,...,

and A,2, n =1,2,... Moreover, for sufficiently large numbers n, the asymptotic formulae
2(=1)a1 — co _
Angna = ((2n — 111 : 0o ? n) [
s = @n oy {1+ ST ot} )
2(=1)(a32 + a10) — co _
_ 4 . ! 2
/\n+nz,2 = ((2n - U)JT) {1 + ((2!1 _ U)JT)Z + O(I’I Cn) ’

are valid, where ny and n, are certain integers. Furthermore, for sufficiently large numbers n, the corresponding
eigenfunctions u,(x) and u,,(x), n =1,2,..., have the following asymptotic formulae:

Up,in1(X) = V2 sin (2n — o) ix + O(e,), Unyin2(X) = V2 cos (2n — ) ix + O(e,). (8)
Theorem 1.2.
Let pj(x) € W{(0,1), j = 0,1,2, be arbitrary complex-valued functions and let a3, + a10 # az1. Then the system of root

functions of differential operator (2)—(3) forms a basis in the space L,(0,1), 1 < p < oo, and this basis is unconditional
for p = 2.

Corollary 1.3.
Let all conditions of Theorem 1.2 be fulfilled, and n1, n, be integers from Theorem 1.1. Then ni + n, =1 — o and we
can choose n1 =0 and n, =1 — 0.

2. Some auxiliary results

Let
Soz{pE(C:Ogargpgg}, (9)

where C is the set of complex numbers. We denote by wy, k = 1,4, different 4-th roots of —1. It is known that,
see [27, Chapter Il, § 4.2], the numbers w;, k = 1,4, can be ordered in such a way that for all p € Sy the inequalities

R(pwi) <R(pwa) <R(pws) <R (pws) (10)
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ill be such that for all p € Sy the
inequalities (10) are valid. It was proved that in this case the numbers wy, k = 1,4, can be determined by means of
equalities, see [27, Chapter Il, §4.8],

hold, where R z means the real parts of z. Henceforward, the numbers wy, k = 1,4,

wy = e3m‘/4l wy, = 87371’1'/4’ wy = eﬂ1/4’ Wy = effri/4. (11)
It is easy to see that
Wy = —Wwy, Wy = —ws. (12)
Lemma 2.1.
In Sy the following inequalities are valid:
V2 V2
R(pwr) < -5 lpl. R(pws) > -5 lpl. (13)

Proof. By (12), it suffices to prove the first inequality in (13). Since p € Sy, it holds p = |p|e!®* where 0 < 9 < 1.
Consequently, from (11)

V2

-0
3 JTS—7|P|~ O

_ 1
R(owr) = |p| - R (eCTPH) = —|p| - cos

Consider the domain obtained from the section Sy, see (9), by a translation p — p — ¢, where ¢ is a fixed complex
number. This new sector with its vertex at the point p = —c will be denoted by Tj. Obviously, for the new section Ty
the inequalities (10) and (13) can be rewritten in the forms

R((p + )w1) SR((p + )wz) SR((p + Jws) <R((p + c)wa), (14)
\R((p+c)wns—§|p+c|. \R((p+c)vv4)z§|p+c|. (15)

Fix such a domain Ty. It is known, see [27, Chapter I, § 4.5-4.6], that the equation
(y)+p'y =0 (16)

has, for the region Ty of complex p-plane, four linearly independent solutions y,(x, p), k = 1,4, which are reqular for
p € Ty with sufficiently large |p|, and which, with their derivatives satisfy the integro-differential equations

d"y(x, p) owi 1 /Xa'"K1(X, &, p) 1 /1 0"Ky(x, &, p)
MM A PWEX M d& — — P A At Y/ dé&, =0,3, 17
g S Pwet s EMD c(ye) d< 4p3 o c(ye) d< m (17)

where

k
ZWaGPW“(X x, & p) = Z We ePWalx—=d), (18)
a=1 a=k+1

M (y) = p2(x)y"(x) + p1(x)y’(x) + po(x) y (). (19)

Moreover, it is known [27, Chapter II, § 4.5] that

dm X m ,pwyx
UL _ g ez (5., (20
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where z ,,(x, p) is an analytic function of p and it satisfies

Zim(x, p) = Wl 4+ O(p™"), k=1,4, m=0,3. (21)
From (17), (19) and (20), we have

T (" s —m O"Ki(x, &, p) p
_ m o wi (x—&) m 1 j

Zem(x p) = Wi + 4p/0 ePbdp o Z (& p)dS
1 [ . 0"Ks(x, &, p) p
- —pwi (x— ) i

) e N Z (& p)dE.

Taking into account expressions (18) of the functions Ki(x, &, p) and Kx(x, &, p), we have the representation

Zk,(é p)dé+ fZWmﬂ/ ePWa—wi)(x— s)ZP; (&, p) de

0

m+1 x 2
Zim(X, p) = Wy + / Z
j=0

(22)
- Z m+1/ ePWﬂ_Wk(X S)ZPI k/(‘fp
a=k+1
Note that by (14) we have
R(p(wa — wp)) =R((p + c)(we — wp)) —R(c(wa — wp)) < 2|c],
where 1 < a < B < 4. From here and (21) we obtain
X 1
/P/(E)Zk,j(frp)e” vemmlbdE = 0(1),  a<k /p,-(;’)zk,,-(é,p)ep(w“‘wk)(x‘é)dé =0(1), azk
0 X
where k =1,4 and j = 0,1,2. Consequently, it follows from (22) that
m+‘| x 2 k—1 2
Znlip) =wf + - Z e pdes - Z et [ ey P2, 6y
= - 0 e
T 2 @)
“gp 1w [ B e prde 0l
P a=k+1 X j=1
Thus, in view of (23), the formulae
14
zem(0,p) = Wi = o ; we' ' Bak(p) + O(p7),
a=k+ (24)

rn+‘l

Zim(1,p) = wi' +

Z 2,/p, é)zk,ép)dufZwm“Bak(pHO(p )

are valid, where
2 1 1
> pe=i /p,-(s)zk,,-(z,p)e—P(Wa—WHfdé if 1<k<a<i,
P 0
Bar =13 ;o (25)
> e /p,-({)zk,,-(g,p)eP<Wa*Wk>“*5>dg if 1<a<k<a4.
P 0
=
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It is easy to verify that for an arbitrary function f(x) € L;(0, 1),

1 1
/f(‘f)ef“’é)df =o(1), /f(f)e’édf =o(1), || = +oo,
0 0
hold for R T < ¢1 = const. Hence, by virtue of (25) and (21) we have
Bak(p) = o(1), a # k. (26)

A direct calculation using formulae (21), (24)-(25) shows that for s = 0,3 the following equalities are valid:

e (1w / - 5
225(0.p) = w3 = Zi- Bualp) = U | pal§)e™d s+ 0lp),
A Wi-H -
235(0. p) = w5 — =~ Bas(p) + O(p™),
0
(27)
231, 0) = W Lff ©dé+ " B (0) + 0(p)
25\ p)=Ww; 4pw, Opz ap 1.2(P P )
s 1 s+1 S48 1
_ s W Wi (=1)°w3 [ —2pw3(1=&) -2
tultop) = w3 = o [ pa@ a4 5 Buat) + T [ pu@e -0z + 0,
3. Proof of Theorem 1.1
Let
Us(y1) Us(y2) Us(ys) Us(ys)
Uz(yr) Ualy2) Ualys) Ualya)
Alp) = , 28
=0 Vi) Uiys) Uil )
Uo(yr) Uoly2) Uhlys) Uolya)
where y(x, p), k = 1,4, are the linearly independent solutions of the equation (16). It is known [27, Chapter I, §4.9]
that if we properly choose the vertex p = —c of the domain Ty, then the eigenvalues A of the differential operator (2)—(3)
whose absolute values are sufficiently large have the form A = —p*, where the numbers p are the roots of the equation
Alp) = 0 (29)

in the domain Ty, and the set of such points p includes all roots of (29) in the domain Ty except for a finite number.
By (20) for s = 0,3 and k = 1,4 we have

s—1
Ulgp) = 9 { e 21.l1,) = (120,00 + 3 52 20,01, (30)
=0

where ay_1 = app = 0. According to (15), e”™ tends exponentially to zero and e+ tends exponentially to infinity.
Consequently, by (30) and (21) the following equalities are valid:

s—1
Uslyr) = —pS{(—1)”z1,s(o, P =) haul0p)+ 0(p-3)}. Udlys) = pe? {211, 0) + 0(p ™)} (31)
(=0




Spectral properties of some regular boundary value problems for fourth order differential operators

Let N
(=1)721,5(0, p) — ; % 214(0, p), i k=1,
AkP) =0 oz, (1, p) — (1) 200, ) + i ;i’, 200.p), i k=23, (32)
z5(1, p), - if k=4

By virtue of (30)—(32) we have

Us(yr) = —=p*{Asi(p) + O(p™)},
Us(ye) = p°{Ask(p) + O(p™)}, k=23, (33)
Ulys) = p*e” {Aualp) + O(p)}.

We substitute these expressions in the equation (29), see (28), and divide out the common factors p*, p?, p of the rows
and also the common factor e?*# of the last column of the determinant A(p). Then the equation (29) can be written in
the form

Ai(p) + 0(p™%) =0, (34

where

As1(p) As2(p) Ass(p) Asalp)

A21(p) A22(p) As(p) Azalp) | (35)
Ara(p) Ar2(p) Ar3(p) Aralp)

Ao (p) Ao2(p) Aoz(p) Avalp)

By using the formulae (47a) and (47b) in [27, Chapter Il, §4.9], we get that if p is a root of equation (29) or (34), then

Mi(p) =

e — (=1)7 = O(|p| "), e’ —(=1)7 = O(|p| ). (36)
From the relations (21), (32), (36) for s = 0,3 and k = 2,3 we infer that

Asi(p) = (=1)°wi + O(p™"), Asalp) = wi + O0(p™"), (37)
Acklp) = (7 — (=1)")wj + O(p™"), Asi(p) = O(lp|™"?). (38)

From (37)—(38), we deduce that the equation (34) is equivalent to
(€72 — (=1)7)(e”™ — (=1)°)Wo + O(|p| ) = 0, (39)

where
wrwd wl
202,22
Wo = (=1)7 | T "2 ™3 WAl — _qp(—1)e. (40)
W1 Wy W3 Wy

T 1 11

Since w3 = —w, and e?"2 = O(1), the equation (39) can be written in the form
(72 = (=1)7)* + O(lp| %) = 0.
From this, we can easily get

e —(=1) = O(lp| "), e’ — (=1)7 = O(|p| ). (41)

100
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Note that, from (38) and (41) for s = 0,3 and k = 2,3 it follows that
Asi(p) = O(lp™"). (42)

By (35), (37) and (42), the equation (34) is equivalent to

Na(p) +0(p2) =0, (43)
where
(=1)7w3 Asalp) Asslp) wi
_ (_1)UW12 Az,z(p) Azg(p) Wf
Ay(p) = (=1)%wi Aralp) Avslp) wa| (44)
(=17 Asalp) Aoslp) 1

According to the equality (32) for s = 0,3 and k = 2,3 we have
aS S— —
Askl(p) = e z5(1, p) = (1) 2i5(0, p) + ’T1 2t5-1(0, p) + O(p™?).

From here and (26)—(27) it follows

Asklp) = Al (p) + BLA(p) + O(p7), k=23, (45)
where
(2) — S pw o Co _(_1\o _ (_1)5 As,s1
Aeale) W2{e (1 4sz) = (1 aow, VO T s | (46)
—1)5 As s
A(3) — S pws ] Co ( — (1) Q5,51 ’
alp)=wsqe dow; " dpws vi(p) | — (=17 + o,
Ws+1 ePw2 -1 aW5+1 W5+1 ePw3 1 aWS+1
Bp) = "o Batp) + A Bl Be) = T Bu) + o Bl (47)
1 1
nip = [ @i ylpl = [ pa@ei-9ae (48)
0 0
and ¢y is the number defined in (4). Taking into account (47), it is easy to see that for k = 2,3 the column

(Bgf,l(p), B(zky,l(p), ngy,l(p), Béf,l(p))T is a linear combination of the first and last columns of the determinant Ay(p). From
this and the asymptotic estimate
Aklp) = Ollp| ") (49)

it follows that the equation (43), see (44), is equivalent to
As(p) +o(p™%) =0, (°0)

where

(p)

6
Ep; A23(p) W4 . (51)
(p)

101
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Let

Co

Ac(p) = e (1 - ) — (=17, k=23

4pW/<

Esa(p) =45t + (=1)"valp),  Esslp) = 4551 + (=1)e”ys3(p).

Hence, by (46) for s = 0,3 and k = 2,3 we have

Esk(p)
4ka '

A% (p) = wiAL(p) + wi

We set
wl wiEss(p) wi (

(2 —
1w wy wiEis(p) wy |’ A7) (
(=17 1 Eo3lp) 1 (=17

(=1)w} wiEss(p) wiEss(p) wi
(—=1)wi wiEsa(p) wiEas(p) wi
(=1)°w1r waEqr(p) wiEi3(p) wa ‘
(=17 Eoalp)  Eoslp) 1

A%(p) =

From (51), (54)—(56) it follows

Dalp) = Al Al W + ) A0+ )

Eoa(p)

As(p) A9(p)

(=1)w; 1w} w3Esa(p) w3
(=1)°wi wi wiEas(p) wi (=1)wi wiEaa(p) w3
( 1 —1)0W1 W2E1v2(p)

w3
1

(52)

(53)

(54)

(59)

(56)

(57)

where W is a determinant defined by the equality (40). Note that the last term in (57) is O(p~2). A direct calculation

using (11) shows that
AV(p) = AP (p) = —=16(=1)"(a32 + a1 + @t o).

From here and (57) we deduce

= —16(—1)° B2+ D1+ Ao
i) = =161 [ At + 2
Consequently, the equation (50) is equivalent to

a2+ a1+ dp

Arlp)Ao(p) + S

Taking into account (52), we can rewrite the last equation in the form

B O e

4pw, 4pw; 4pw,

or more precisely

(As(p) = Aa(p) + O(p™?) = 0.

[ — &™)+ O(p%) =0,

[1 + %] 22 _ Q(—1)7eP2 4 [1 S S O(p—2)] =0,
2

y2%% 4pwy

(&m—&wﬂ+mfﬁ

(58)
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where y = (—1)%(a32 + az1 + a10) — ¢o. After some simplifications, the given equation is reduced to the form

e — 2(—1)° (1 - WVM ) e 41— TVWZ +0(p2) =0.

Hence, we obtain

2

It is easy to see that if p € Ty is a root of equation (59), then
e — (—1)° = O(p).
Obviously, the following equality also holds:
e — (~1)” = 0(p™").
From the last two relations and (38), for s = 0,3 and k = 2,3 we have
Asklp) = O(p™"). (60)
Consequently, the equation (34) is equivalent to
Na(p) + O(p~) =0, (61)

where A;(p) is the determinant defined by (44).

We proved above that (43) is equivalent to (50) using (49). Repeating the same reasonings and using relation (60)
instead of (49), we conclude that (61) is equivalent to

As(p) + O(p~%) =0, (62)
where Az(p) is the determinant defined by (51). We use the representation (57) for A3(p). We have e?"s = (—1)7+0O(p™ ).

Then, by (53), we get for s = 0,3 and k = 2,3, Eq(p) = 4ass1 + (=1)°"yi(p) + O(p~"). After substituting these
expressions in (56) and simple transformations we have

AP (p) = —64(=1)"az1(as2 + a1,0) + 16(2(p) + ¥3(p)) (@32 — 21 + ar0) + 16(=1)"¥2(p) v3(p) + Ofp™").

From here, (57) and (58) we deduce that

0 0
Aslp) = —16(—1)”{Az(p)A3(p) + o Valp) = Anlp) — s + 0<p-ze(p))},

where

0o = a32 + az1 + Qi 0, 01 = a1(a32 + aip),

e(p) = |va(p) + vs() + [v2(p) vs(p) + o7 (63)

Consequently, (62) is equivalent to

APIAN) + 550 (alp) = A = L + Olpe(p) =0,

103
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Thus, according to (52), (62) is equivalent to

{ePW(1 - 4%) —(—1)"}{6}*/”(1 + 4%) —(—1)"}

O [opwf14 ) _gow(q_ )] _ 40 “2¢(p) =
+ dpw {e (1 + 4pw) e”™ 1 dpw (Gpw) + O(p~“e(p)) =0,

where w = w,. After some simplifications the given equation is reduced to the form

Co (—1)060 w - c2 + 40, w Co (—1)050 _ .
S e R U ) R A ) e g R L

The last equation splits into two equations:

(—1)060 —2&2,1 _
a0l ), (64

(=1)%co — 2(a32 + 1)
4pw

e = (=1)7 +

e = (—1)° +

+O(p™"e(p))- (65)

We will investigate the equation (64). By using the Roushe theorem, it can be proved in a standard way
[27, Chapter I, §4.9] that the roots p € Ty of (64) whose absolute values are sufficiently large, lie in the domains
G, C To, n =ng,ng+1,..., where G, is the O(n_1)—neigb0urhood of the point —(2n — o)7i/w and ng is a sufficiently
large natural number. Moreover, (64) has a unique root within each G,, n = ng,no +1,... The roots p € Ty of the
equation (64) whose absolute values are sufficiently large satisfy the relation

e = (=1)7+ 0(p™"). (66)
Let p be the root of equation (64) belonging to G,. It is obvious from (66) that
~ _ (2n—o)mi
p= w

r=0(mn"). (68)

+r, (67)

Suppose that d, and d_, are numbers defined by (5). According to (48), (67) and (68) we have
v2(p) =d-n +O(n7"),  y3(p) =d, +O(n7").

From here and (63) we deduce

e(p) = O(e,), (69)
where €, is the number defined by (6).
Revise the form of r. From (67) it follows
-1 _
Sw) ! = -3 o ()0 -2
(ow) @n = oy +0(n™), e (=1){1+rw+ 02} (70)

Writing p = p in (64) and using the relations (69)—(70), after simple transformations we have

_ 2(—1)”02,1 — C

T 4w(2n — o)ni +0(n~"ey). 1)
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Thus, by (67)—(71), within O(n~")-neigbourhood G, of the point z, = —(2n — g)mi/w, n = ng,ng + 1,..., equation (64)
has the unique root

Pni = —1; {(Zn — )i — 72(4_(2:?;);[% } +0(ne,). (72)

Similarly we find that, within O(n~")-neighourhood G, of the point z,, n = ng,ng+ 1, ..., equation (65) has the unique
root

Boo = —1; {(Zn — )i — 2(_1)22322_:‘;;"[) - C"} +0(n"e,). (73)

We seek for the eigenfunction @, 1(x), corresponding to the eigenvalue A = —(p, 1)* for sufficiently large n, in the form

ya(x, p) y2(x, p) ys(x, p) ya(x, p)
—(=1)7p %P V2 | Us(y1) Us(y2) Usys) Us(ya)
4wy(aza — ag1 + anp) | Ua(y1) Ua(y2) Ua(ys) Ua(ya)
Ui(y1) Uily2) Uilys) Uilys)

U,—,,‘| (X) =
P=Pn,1

or more precisely

—yi(x,p)  yalp)  yslx.p)  eTPMiyalx, p)
(—=1)°pV2 —p2Us(y1) p~2Us(ys) p~2Us(ys) p~>e 4 Us(ya)

Upa(x) = 74
) Bafars — ot ana) | —p2Ualyn) PRy pUalys) e MUl 7
—p "Ui(y1) p7'Ui(ya) p'Ui(ys) p'e Ui (ya) -
Henceforward, for simplicity of notation, we will write p and € instead of p,1 and €,, respectively. Since
yelx, p) = 0(1), k=123, e Myu(x, p) = 0(1), (79)
in view of (74) and (33) we have
/2 —Y1(x, p) Ya(x, p) y3(x, p) €7"ya(x, p)
~ (=1)7pv2 Aza(p)  Asalp) Asslp)  Asalp) -2
u,1(x) = ' ' ' ' + 0 . 76
i dwp(asa — a1 +aio) | Azi(p)  As2(p) Asslp)  Azalp) (o) 70)
Arilp)  Aialp) Aislp)  Avalp) =
Taking into account (37), (60), (75) and (76) we have
- V2 ~
Ui (x) £ [y3(x, P)E2(p) — ya(x, p) Es(p)] + O(p~"), (77)

B 4wy (o2 — az1 + i)

where
wi Asi(p) wi
Eclp) = |wi Asxlp) wi |, k=23
wi Ar(p) wa

From here and (45) we obtain

wi AN ) wi | [ wi B (o) Wi
Eilp) = |wi Ayilp) wi | + |wi Byi(p) wi |+ Olp™)
wi AfL(p) wa | | wi BiL(p) we
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where k = 2,3. According to (47), the last determinant is equal to zero. Consequently,

wy A({l(p) wy
Eclp) = | wi AY)(p) wi [+ O(p?). (78)
A(k)
w1 Ark(p) wa
Because of (46), for s = 0,3 and k = 2,3 we have
A(k) — S e[ — Co —(—=1)° Us,s—1 0 —1 )
Bip) = wife T |~V St E 07e)

From here and (72), after necessary simplifications it follows

s 20{5,5—1 — a2

A(k) — O -1 , 79
o) = wp = L 0 (79)
where s = 0,3 and k = 2, 3. Further, from (78) and (79) we have
2W1 1
Ev(p) = 7 (32 — a1 + a1p) + O(p~ ' €), k=223.

Consequently, from (77) we obtain
~ V2
Uni(x) = 5 (Yslx, p) = yalx, p) + Ole),

or more precisely

2 -~ ~
Un,1(x) = 7\{ {ys(x. Bn1) = ya(x, Paa) } + Olen). (80)

On the other hand, from (20), (21) and (72) we deduce
Ya(X, Paa) = "4 4+ O(n7"), Y3(x, Poa) = e 4+ O(n7").
Taking into account these expressions and (80) we have the representation
Un1(x) = V2 sin (2n — 0)7ix + O(e,). (81)

We seek for the eigenfunction u,,(x), corresponding to the eigenvalue A = —ﬁ:,z for sufficiently large n, in the form

ya(x, p) y2(x, p) ys(x, p) ya(x, p)

To(x) = —(=1)7p2e P V2 | Us(y1) Uslyz) Uslys) Ualya)
' Hazo — ao1 + a10) | Ui(y1) Ui(ya) Uilys) Uilya)
Uo(y1) Uoly2) Uolys) Us(yas)

P=Pn2
By a similar reasoning (see the above case for the eigenfunction @, 1(x)), we get
Una(x) = V2 cos (2n — o) x + O(e,). (82)

Thus, it is established (see the formulae (72) and (73)) that there exist two infinite sequences of simple eigenvalues

’ ’ ’

)‘/10' no+1r Zng+27 c 0 - (83)
n " "

)\ng' ng+1r ng+2r - - - (84)



N.B. Kerimov, U. Kaya

and the asymptotic formulae

;=4 _ _ 4 2(—1)0612,1 — Co 2
X, =—prt =(2n —0o)n) {1 + “Gn o + O(n en)}, (89)
M= Pl = ((2n - 0)71)4{1 p 2w o) — 6o, O(n_zsn)} (86)
' ((2n — o))

are valid. Besides eigenvalues (83) and (84) there can exist only finitely many eigenvalues counted with multiplicities.

Assume that besides eigenvalues (83) and (84) the differential operator L has m eigenvalues counted with multiplicities.
Let m = my + m,, where my and m, are arbitrary nonnegative integers. Add my (m;) numbers from the remaining m
eigenvalues to the sequence (83) (respectively (84)). We get two sequences of the form

’ ! ’ " " "
€1 €2y Cangs Ang s At s Agaar - -+ €1, €2, my Ay Ayt Ao - - -

Denote these sequences of eigenvalues by A1, Az1, ..., Ap1, ... and A2, Axa, ..., Aya, ..., respectively. It is easy to see
that
An+n1,1 = )\,n' )‘n+nz,2 = Alnly n 2 no, (87)

where ny = my —ng+1 and n, = my — ng + 1. The formulae (7) are directly obtained from (85)—(87). In a parallel way,
repeating similar reasoning with appropriate sequences of root functions, the asymptotic formulae (8) are obtained from
(81) and (82).

4. Proofs of Theorem 1.2 and Corollary 1.3

Since p,(x) € W2(0,1), then according to (5) and (6) we have £, = O(n~"). Consequently, in this case, the asymptotic
formulae (8) can be rewritten as

Unynn(x) = V2 sin (2n — o)x + O(n™"), Upytn2(x) = V2 cos (2n — o)7x + O(n™"). (88)

Let

via(x), via(x), - Va1 (x), Vi a(x), - - . (89)

be the system which is biorthogonally conjugate to the system

ura(x), ura(x), ... upa(x), upa(x), ..., (90)

ie. (UnjiVms) = Onm-Ojs, n,m=1,2,...,j,s=1,2, where (-,-) denotes the inner product in the space [,(0,1) and 3,
is the Kronecker symbol. It is well known, see [14, p.84] or [27, p.99], that (89) is the system of root functions of the
differential operator L*, which is the adjoint operator to L. The differential operator L* is generated by the differential
expression

["(z) = 2" + (p2(x)2)" = (p1(x)2) + po(x)z,
and the adjoint boundary conditions
Us(z) = z(1) = (=1)°2(0) =0, Ui(z) = Z/(1) = (=1)"Z'(0) + &322(0) = 0,

Us(2) = 2"(1) = (—1)72"(0) + @21 Z'(0) + B2,02(0) = 0,
Ui(z) = 2"(1) — (—=1)?2"(0) + @10 2" (0) + B312'(0) + B5,02(0) = 0,
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where B0, B3,1 and B3 are some numbers which depend only on the coefficients of the differential operator (2)—(3). Thus,
for j = 1,2 and for sufficiently large numbers n, the following relations are valid: [*(v,;) = A, ;V,j, Uz(v,;) = 0. From
the form of the differential operator L* and Theorem 1.1, it follows that for sufficiently large numbers n the equalities

Vini+n1 (X) = Tny+n) (S.m (2/7 - O')JTX + O(n71))' Vn2+n,2(X) = rn1+n,2(cos (2” - U)JTX + O(n71))' (91)
hold, where Tajtnjs j=1,2, are some numbers determined by the equality (”"ﬁ"'/' V":*"'/) =1,j=1,2. From here and

the asymptotic formulae (88) and (91), for sufficiently large n, r, 1, ; = V2 + 0(n™"), j =1,2. Consequently, from (91),
again for sufficiently large n,

Vo tn1(X) = V2 sin (2n — o) x4+ O(n™"), Vo tn2(X) = V2 cos (2n — a)ix + O(n ™). (92)

Let
go(x) =1, gon—1(X) = V2 sin2n7nx, gon(X) = V2 cos2nmx, n=12..., (93)
Gon1 = V2 sin(2n — 1) mx, Gon = V2 cos(2n — 1) mx, n=12... (94)

Each of the systems (93) and (94) is an orthonormal basis of the space L,(0,1). From the asymptotic formulae (88), (92),
it is obvious that each of the systems (89) and (90) satisfies the Bessel inequality. Namely, for an arbitrary function
f(x) € L2(0,7),

e

co 2
I(f, un,)|* < o0, ZZ I(F, Vo)) < o0.

j=1 n=1 j=1

n

Furthermore, each of the systems (89) and (90) is complete in the space L,(0, 1), see e.q. [28]. Consequently [9, Chapter VI,
§2.2, Theorem 2.1] each of these systems forms a Riesz basis of the space L,(0, 1).

Let us prove Corollary 1.3. Consider the case 0 = 0. The case ¢ = 1 can be checked in the same way. Assume that
n1 >0 and n; > 0. From the asymptotic formulae (88), and the definition of {g«(x)}$2,, see (93), we obtain

o)

2 1
Z(”Un1+n,1 - anf‘I ”2 + ||Un2+n,2 - an ”2) S const Z p < 400. (95)

n=1 n=1

It is easy to see that ny + n, root functions of the operator L and one function from system (93) are absent in (95). Let
n1+ny > 1. In this case, by (95), the system S generated by all functions except n1 + n, —1 functions from the system
(90) is quadratically close to the system (93). Since (93) is an orthonormal basis of L,(0,1), then S also forms a Riesz
basis of L,(0,1) [9, Chapter VI, § 2.4, Theorem 2.3]. The latter contradicts the basicity of the system (90) in L,(0, 1).

Let ny = ny = 0. Since (90) is a Riesz basis of the space L,(0, 1), then again by (95), the system {g,(x)};2, is a basis
and this contradicts the basicity of the system {g«(x)}22, in L5(0,1). All the remaining cases can be investigated in a
similar way.

Thus, it holds ny + n, = 1. Therefore, without loss of generality we can assume that ny = 0 and n, = 1. Consequently,
from (88) we have

Upa(x) = V2 sin (2n — o)ix + O(n™"), Up1-02(x) = V2 cos (2n — o) tx + O(n™"). (96)
Similarly, the asymptotic formulae (92) will take the forms

Va1 (x) = V2 sin(2n — o) ix + O(n "), Vot1—02(X) = V2 cos (2n — a)x + O(n~"). (97)

Next we prove that the system of root functions of the differential operator L forms a basis of the space L,(0, 1), where
1< p<ooandp+#2 As above, we consider only the case 0 = 0. The case 0 =1 is similar.
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Note that (93) is a basis of the space L,(0,1) for any p € (1,00) [1, Chapter VIII, §20, Theorem 2]. Consequently
[12, Chapter I, §4, Theorem 6] there exists a constant M, > 0 ensuring the inequality

N

Z(f'QN)gn

n=0

< M|l N=12..., (98)
p

for any function f(x) € L,(0, 1), where | - ||, means the norm in L,(0,1). We now fix p € (1,2). Since the system (90) is
complete in the space [,(0, 1), then this system is complete in L,(0, 1) as well. Moreover, it is easy to see that

I(F, v )unillp < const||fl,,

where n =1,2,... and j = 1,2. Consequently [12, Chapter VIII, §4, Theorem 6], in order to prove the basicity of this
system in L,(0,1), it is enough to prove the existence of a constant M > 0 ensuring the inequality

m

< M| f

pr m:1,2,...,

2
> (Fva)tn,
j=1

n=1 j

p

for f(x) € L,(0,1). Note that instead of this inequality, under the same conditions, it is enough to prove the inequality

Z{(f' Vn,‘l)un,1 + (fr Vn+1,2)un+1,2}

n=1

In(f) = < M, (99)

p

where m =1,2,... and M’ is a certain positive constant. From (96)—(97) and (93) we have

Una(X) = gan—1(x) + O(nq)r Upp12 = gan(X) + O(nq)’

Voa(X) = gana(x) + O(n7Y),  Var12(X) = gan(x) + O(n 7).
Consequently,
In(f) < Ima(F) + In2(F) + S 3(F) + Jma(f), (100)
where m =1,2,... and
2m 2m
Ina() = 11> _(F.ga)gal| +  Jm2(f) = |[d_(F.ga) 07|
n=1 p n=1 p
2m 2m
Ina() = > _(£0 " Nga| .+ Jwalh)=[D_(F,O)OMT)| .
n=1 p n=1 p
By (98),
Ina(f) < const||f|,. (101)
From the Riesz theorem [33, Chapter XII, § 2, Theorem 2.8] it follows that
2m 2m 19 1 2m 1lp
Jm2(f) < const Z [(f, gn)|n~" < const (Z |(f, g,,)|‘7) (Z n") < const| f],, (102)
n=1 n=1 n=1
where 1/p +1/q = 1. Further,
2m 2m 112 om 172
Jna(F) < |[D_(F,0(n7 ") gal|| = (Z I(f, O(n1))|2) < const | f|4 (Z nz) < const||f|,- (103)
n=1 2 n=1 n=1
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Moreover,
2m

Jma < const||f| Zn_z < const| f|,. (104)

n=1

The inequality (99) is a consequence of the inequalities (100)—(104). Thus, the basicity of the system (90) in the space
L,(0,1) for 1 < p < 2 is proved.

Llet 2 < p < ooand 1/p+1/g = 1. Note that 1 < g < 2 and (89) is the system of root functions of the differential
operator L*. As it has been proved above, the system of root functions of such operator forms a basis of the space
L.(0,1) for any r € (1,2), in particular r = g. Thus, (89) is a basis of L;(0,1). Consequently, the system (90) which is
biorthogonally conjugate to (89) forms a basis of L,(0, 1).
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