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ON NECESSARY AND SUFFICIENT CONDITIONS
FOR OBTAINING THE BASES OF BANACH
SPACES

Abstract

In the paper we cite necessary and sufficient conditions for completeness,
minimality and basicity of systems in a Banach space that are obtained from
initial system by changing the finite number of elements.

In the paper [1] the criteria of basicity of systems obtained by excepting finite
number of elemetns from over complete systems are cited. In the present paper
similar criteria are cited for the system that are obtained from initial one by changing
the finite number of elements.

Remind some definitions and facts stated for example in [2]. Let X be a Banach
space, X* be it’s adjoint space. For x € X and z* € X* by (z,2*) we denote the
value of the functional z* on the element x. For the system {z,},en C X, where
N is a set of natural numbers, the system for which (z,,z}) = 0,, where d,;, is a
Kronecker symbol, is said to be an adjoint system {z },en C X*.

The system {z, }nen is said to be minimal, if no element of this system belongs
to a closed linear span of remaining elements. Minimality of the system is equivalent
to the existence of the adjoint system.

The system is said to be complete in X if closure of a linear span of this system
concides with X. Completeness of the system {x,}n,cn in X is equivalent to the
following condition: if for some z* € X* (z,,,2*) = 0 for all n € N, then z* = 0.

Two systems of the Banach space X are said to be equivalent, if there exists
a bounded and boundedly invertible operator, transferring one of these systems to
another one.

Let Jp, = {ni,...,nn} be some collection of different natural numbers

Np =N\ Jp

Theorem 1. Let {zp}tnen C X be a minimal system, and be {z} }nen C X*
its adjoint one. If for some system {u,}}'; C X it is fulfilled the condition A,, =
det A, # 0, where

=o)L »

the system {ug}i’ U {@n}tnen,, is minimal as well. Therewith the adjoint system
{u} }nen is determined in the following way:

0 Ty, Ty,
0 (u,a) .. {(w,z} )
oL : : @
e A |1 (ugag) e (ug )
0 <um,:1:,*;1> <um,x2m>
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for k=1, m;
xy, Ty, xy,
= Ai (ul,.a:m <u1,.:c:’ibl> <u1,'x:m> (3)
(um, 25y (um,xh ) oo {um,xh, )
for n € Np,.
Proof. Really, acting by the functional u;, on the element u; from (2) we get
0 <uj,x;';1> <uj,xj;m>
0 <u1,:1:;1> <u1,x;m>
Ujy Up,, ) = A, |1 <uk,$;‘11> <uk,x,*1m> '
0 <um,x;§1> <um,:n;§m>

Revealing the last determinant with respect to the elements of the first column we
get

<Uj,u:k> = 5jk:> j,k‘ = l,m.
Now let k, n ¢ J,,, i.e k, n # nj, j =1, m. Then, from (3) we have

(xg, xk) <xk,m;1> <xk,x;m>
(2,1t} = L g, (u,ah) e (uiag,))
A, . . .
(U, ) <um,:):;§1> <um,x;m>
Okn 0 0
_ i (uy, xk) <u1,fol> <u1,x;‘Lm>
(U, 1) <um,x;1> <um,x,ﬁm>

Revealing we last determinant with respect to the element of the first row we get
(T, ul) = Oy, for k, n & Jp,.

It is similarly verified that (u;,u)) =0 for n ¢ J,,, j = 1,m and <:ck, u:‘lj> =0
for k ¢ Jm,, j = 1,m. The obtained relations show that the system {u;};*, U
{Zn}nen,,, is adjoint to the system {u} },en that is equivalent to the minimality of
the last system.

Theorem 2. If in the denotation of theorem 1 the system {x,}nen is complete
and minimal and A,, =0, the system {ux};*y U{xn}nen,, is not complete in X.

Proof. Let for the system {uj};*, and for the collection Jp, = {n1,...,nm}

A, =det A, =0,

where the matrix A,, is determined by (1). Then there exists a non-zero vector
C1 n
c=1 .. such that A,,C = 0. Assume z; = Z Criy, - Since, even if one of the
Cm k=1
numbers ¢; doesn’t equal zero, then zj # 0 and for n ¢ J,,
m
(T, x5) = Z ¢; <xn,x;j> =0,

Jj=1
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m
(ug, ) = ch <uk,x:‘1j> =0, k=1,m.
j=1
Thus, the non-zero vector zj is orthogonal to all the vectors of the system {uy}7* ;U
{Zn}nen,,, and this means that the system is not complete in X.
Theorem 3. Let the system {x,}nen be a basis of the space X, and {uy};*,
be some system of vectors from X. Then for the basicity of the system {uy}7, U
{Zn}nen,, in the space X it is necessary and sufficient to fulfill the condition A, # 0.
For A, =0 the system {ug}7" U{xn}tnen,, is not complete and is not minimal.
Proof. Let {z,},en be a basis of the space X and for thesystem {uy}, C X
and the collection J,,, = {n1,...,ny} the condition

m

A = det || (uy, 27, )| 0.
et || U, Ty, k’j:17é

be fulfilled. Take any z € X, expand it and also each vector u; € X,k =1,m in a
biorthogonal series

x = Z (x, ) Tn, (4)

neN

up = Z (U, Tp) T, k=1,m. (5)
neN

Assume

b, = Z (ug, ) Tp

TLENm

and rewrite (5) in the following form:

i<uk,x:j>xnj =up — by, k=1,m. (6)

j=1
Solving the last system of linear algebraic equations with respect to the unknown

Tp; we find

B A, (u—10)
A,
where AZ, (u — b) is a determinant obtained from the determinant A, replacing the
j— column by the column with elements up — by, & =1, m. Represent it in the form

A (1 b) = Al (0) - A, () = 37 Aty — 37 A ( 5 <uk7x:>mn)7
k=1 k=1

nENm

where AJ¥ is an algebraic complement of the elements with the numbers (4, k) of
the determinant A,,. Then

1 s 1 & - A
Tn, = A ZA%fuk — Z (A’m Z (ug, ) A%f) T
k=1 nENm k=1
Substitute the obtained expression for z;,; in (4) :
x = Z <x,x:‘lj> Tn; + Z (T, x)) Xy = Z <x,x2j> A ZAﬁfuk—
. . m

]:1 nENm, ]:1
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DUCERDY (AlmfZ<> A;’f) tat Y () 2 =

7=1 NnENm k=1 NENy,

m m m
_ A]k * * 1 * Ajk -
-3 (gt ek T (im0 i) -

k=1 nENm ™ i=1 k=1

here u;, and u;, are determined by formulae (2) and (3), respectively.

Thus, we showed that we can expand any element x € X in biorthogonal series by
the system {ug};"  U{Zn}nen,,, that means the basicity of this system. Sufficiency
of the theorem is proved.

Necessity of the theorem follows from theorem 2, since for A,, = 0 the system is
not complete and all the more is not a basis. Now, let’s show that for A,, = 0 the

C1
system {uy}7" ; U{zn}nen,, is not minimal. Let C = | ... | be a non-zero vector
Cm
for which A,,C = 0. Assume
m
uy = Z CrUk
k=1

and expand the vector ug in the basis of {xg}ren :

Let ¢k, # 0. Then from (7) we get

m

Ck (uo, xy,)
Ukg = — E cf“k + Ciﬂfm
k=1 k() TLENm k()
kko

i.e. the element wuy, belongs to the closure of a linear span of other elements of the
system {u}7, U {2y }nen,,, that means non-minimality of the last system.
Corollary 1. If in the conditions of theorem 8 A,, # 0 then the system
{ur iy U{xntnen,, is equivalent to the system {xy,}nen-.
Proof. Let {z,},en be a basis of the space X. Take an arbitrary = € X and

expand it in series
*
x = E (x, ) Ty

neN

We determine the operator T in the following way:

- Z<l‘,$:k>uk+ Z (, 27) Tn (8)

k=1 neENy,
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The operator T is determined on the whole of the space X and is bounded.
Really,

m

Z — Zp,) + Z (x,2)) Ty

k=1 neN

[Tz =

n
<D Keai ) ug = za, |l + 2] < (M + 1) Jl2]],
k=1

where

m = max o, | u = 2o

Besides, the operator 1" has the inverse for which

x = Z<x,uzk>uk + Z (x,uy) oy

k=1 nENm,

is given by the formula

m
E xunkxnquE (x,uy) Ty,
k=1

NnENm

Obviously, T~ is also a bounded operator. Since by definition (8) Ty, = ug, k=1,m
and Tz, = x,, n € Ny, hence we get the equivalence of the systems {ug};", U
{xn}nENm and {xn}nEN-

Corollary 2. If in the conditions of the theorem 3 X is a Hilbert space, {xy }nen
is a Riesz basis in X, and Ay, # 0 the system {ug}i’ | U{zn}nen,, is also a Riesz
basis in X.

Now, let’s apply the obtained results to the spaces of the form X = XqBC"™, where
X is some Banach space, and C"™ is m copy of a complex plane C. Let {e,}}"; be
a natural basis in C™, i.e e; = (1,0,...,0), e2 = (0,1, ....,0) , ..., e;, = (0,0, ..., 1) and
assume ¢, = (0,¢) € X.

Theorem 4. Let T, = (zn,an1y ..., @nm), 1 € N, be a basis of the space X,
zh = (), Buis s Bum) » m € N, be an adjoint system. For the basicity of the system
{e} i U{Zn tnen,, in the space X it is necessary and sufficient to fulfill the condition

An, A0

If Ay, =0 the system {eg};" U{Zn}nen,, is not complete and minimal.
The proof of the theorem directly follows from theorem 3, if as the system

{ur}7, we take the system {ej}}" , since in this case <€k, EE;;J> = Bk
Theorem 5. In the conditions of theorem J for the basicity of the system
{Zn}tnen,, in the space Xy it is sufficient and necessary to fulfill the condition

A 75 0
Therewith the adjoint system has the form
Ty Ty e Ty
1
u:; - = ﬁnl ﬁnll ﬁnml , ne Nm (9)
A, |- . .

ﬁnm ﬁnlm Bnmm



98 Proceedings of IMM of NAS of Azerbaijan
[T.B.Gasymov, T.Z.Garayev]

For A, =0 the system {x,}nen,, is not complete and minimal.

Proof. By theorem 4 for A, # 0 the sysyem {ex}}"; U{Zn}nen,, is a basis in
X =Xy ® C™. Take an arbitrary x € Xy and put ¥ = (2,0, ...,0) and expand Z by
basis {ex}}; U{Zn}nen,, :

m
=) (Fu e+ Y (F0) 3,
k=1

nENm

Passing to the first coordinates we get

=Y (z,u})mn (10)

n€ENm
where v} is the first coordinate of the vector @) . By formulae (2) and (3) @} is of
the form:
z T, T,
~ * ~ * ~ *
= 1 (€1, x)) <el,xm> <61,xnm>  neEN, (11)
A, . . .
@m,z}) (Emap) o (Em,a} )
On the other hand,
(€ xr)y = Bur, k=1,m;

</6\kal‘:bj> = /ank; ]7k = ]-am'

Taking into account the last equalities in (11) and passing to the first components
we get (9) . Biorthogonality conditions are verified immediately.

Now, all the statements of the theorem follow from expansion (10) and appro-
priate statements of theorem 4.

Remark. Statement of theorem 4 by another method is shown in the paper [1]
as well.

We note also the papers [3,4] concerning the theme of the paper.
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