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Inverse scattering problem for a hyperbolic system of first order
equations on a semi-axis on a first approximation
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Abstract. In this paper for a hyperbolic system of five equations on the semi-axis, by joint consideration
of three problems an inverse scattering problem on a first approximation was solved. The coefficients of
the considered system are uniquely determined by the scattering operator on the semi-axis.
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1 Introduction

Inverse scattering problems for different linear systems of first order hyperbolic equations
on the axis and semi-axis were studied in the papers of L.P. Nizhnik [3], L.P. Nizhnik and
V.G. Tarasov [2], A.S. Fokas and L.Y. Sung [1], N.Sh. Iskenderov [4], M.I. Ismailov [5] and
others.

In this paper we study direct and inverse scattering problems for a system of five hyper-
bolic equations of first order on a semi-axis in the case when there are two given incident
waves.

When there are three incident and two scattering waves, these problems were studied in
[8] when there are four incident and two scattering waves, in [7].

2 Scattering problem on a semi-axis

On the semi-axis x > 0 consider a system of equations of the form:

8UZ (37,15)

¢ ot

i (z,1) < R
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where ¢;;(z,t) are complex-valued measurable functions with respect to = and ¢ satisfying
the conditions:

e (2, 1) < CL(L+ )1+ )] 7, 22

moreover
Cii(x7t>:0ai:ﬁ7 §1>6>0>8>86>E&, —co<t<+00

Let us consider system (2.1) on a semi-axis under three different boundary conditions:

U3 (0,t) = UL(0,¢) + U3(0,1)
) UL0,t) =Uy(0,1) (2.3)
Uz (0,t) = U}(0,t)
U3(0,t) = UZ(0, 1)
2) < U;(0,t) = UF(0,t) + U3(0,t) (2.4)
Uz(0,t) = U3(0,t)
U3(0,t) = U3(0,t)
U2(0,t) = U7(0,t) + Us(0, )

Any essentially bounded solution U (z, t) = {Ui(x, t), Us(z, 1), ..., Us(x,t)} of the sys-
tem (2.1) with the coefficients ¢;;(z,t),4,j = 1,5, satisfying conditions (2.2) admit on the
semi-axis x > 0 the following asymptotic representations:

Ui(z,t) = bi(t + &) +o(1),i = 3,5, — 400, :
where a;(s) € Loo(—00,400) (i = 1,2) determine the incident waves, while

bi(s) € Loo(—00,+00),7 = 3,5 the scattering ones.

The scattering problem for system (2.1) is in finding the solution to the system (2.1) by
the given incident waves and boundary conditions for z = 0.

The scattering problem under joint consideration of the first, second and third problems
is stated as follows: by the given function a;(s), a2(s) € Lo (R), R = (—00, +00) find the
solution

Uk (,t) € Loo((0,400) x (=00, +00),C?), (k =1,2)

of the first, second and third problems for which in L., the following asymptotic represen-
tations are valid:

UF(x,t) = a;(t + &x) +o(1), 2 — 00,5 = 1,2,k =1, 3;

where U*(z,t) = (UF(x,t), ..., UE (z,1)).

Theorem 2.1 Let the coefficients c;j(x,t),i,j = b of the system (2.1), satisfy conditions
(2.2). Then there exists a unique solution of the scattering problem on the semi-axis x > 0
for the system (2.1) with arbitrary given incident waves

ai(s) € Loo(R), R = (—00,4+0),1 =1,2
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The proof of this theorem is similar to one in [7].
Note that the scattering problem for the £ -th (k = 1,3) problem is equivalent to the
following system of integral equations:

+oo 5

Uf(z,t) = a1 (t + &) + [ > (@Up)(y t+ &l —y))dy,
T ]
+oo 5

Ub(z,t) = ag(t + &) + J Zl c2iUs)(y, t + &2(x — y))dy, 2.7
P
+oo 5

Uik(xat) t"'gz + f Z Cl] yat+€z($_ ))dy,i:3,5,
z j

[y

where the functions b%(s), b5(s), b5(s)k = 1,2 are expressed by ai(s), az(s) the coeffi-
cients ¢;;(x,t),4,7 = 1,5 and the solutions of the first, second and third problems, respec-
tively, in the following way:

+oo 5

b(t) = ai(t) + aa(t) + Of Zl[clj(y t—e)U (yt—1y) T
J_
ey, t — &)U} (y, t — Eay) — e3;(y, t — E3y)UJ (y, t — E3y)]dy,
+oo 5
by(t) = ax(t) + ‘of jz;l[c%(yt £2y)UH (y,t—Say) —ca; (y,t—€ay) U (y,t—Eay)]dy» 2.8)
+oco 5
bi(t) = + J 21 c1j(y,t — &y)Uj (y, t — E1y)—
0
—csi(y,t §5Z/)U]1 (y,t — Esy)]dy

+oo 5
b3(t) = ay(t) + { Zlcu(y,t—&y) 2(y,t — E1y)—
J
—c35(y, ésy)UQ(y, t — &sy)]dy,
+oo 5
bi(t)=a1(t)+az(t)+ [ ey, t = &y)U (y,t — &uy)+
= (2.9)

+ej(y, t — Ey)UF (y,t — &ay) — cajy, t — Eay)UZ (y, t — &ay)ldy,
+oo 5
bE(t) = a(t) + bf Zl[(fzj(y,t — &y) U (y,t — &ay)—
]:
—c5i(y,t — &Y)US (y, t — &s5y)]dy

+oo 5
b3(t) = g Zl coj(y, t — Say) U3 (y, t — Eay)—
J
—csi(y,t — §3y)U]3( U —&3y)ldy,
5
bi(t) = ay(t ”of jz c1i(y,t — Ey)U3 (y, t — E1y)— (2.10)

—caj(y, t — €ay)U} (y, t — Eay)]dy
+oo 5

b3(t) = ar(t) + az(t) + [ X [e1i(y,t — ay)U3 (y, t — E1y)+

0 j=1
+ej(y, t — Ey)UP (y,t — &ay) — esi(y, t — Esy) U3 (y, t — Esy)]dy
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It follows from theorem (2.1) that to each vector-function a(t) = (a1(t),as(t)) €
Lo (R) giving the incident waves there correspond the solutions of three scattering prob-
lems of the system (2.1) with boundary conditions (2.3), (2.4), (2.5) and the given asymp-
totics

Uf (@, 1) = 05(t + &) + o(1),
Ut (x,t) = bi(t + &) + o(1), (2.11)
Ub(x,t) = bE(t + &2) +0(1),k = 1,3, 2 — +o0,

i.e. the wvector of scattering waves b(t) = (b (¢),b? (t),b? (t)),where

bR (t) = (b5 (¢),b5 (), b5 (t)) (k =1,3) . Relation (2.11) follows from (2.7) and condi-
tions (2.2). Thus, in the space of essentially bounded functions, we determined the operator
S = (51, 58%,5%) that takes a(t) to b(t):

b5 (t)
gk (g;ﬁ;) = o) | k=13 2.12)
b (t)
Here,
S5ty
S =(S"8%8°% and S¥ = | Sk Sk | k=13
S%5%

b5 () = Styar(t) + Sthas(t),
bi(t) = SHai(t) + Shas(t), (2.13)

From (2.8), (2.9), (2.10) it follows that the elements of the operator have S*(k = 1,3)
have the form:
5111 = I+F1117S112 = I+F112a
5%1 = F21175%2 = I+F2127
S5y = I+ F3y, S3y = F3,

5%1 :I+F121>S%2 :F1227
S5 =1+ F3), S5 = I + F3,, (2.14)
S31 = F3,,S3, = I + F3,

5%1 :F13175i32 :I‘*‘Fnga
S3) =1+ F3), 53 = Fs,

_ ——— N —/

where the operators FZ; (j =1,2, i,k = 1,3,) are Fredholm integral operators.

3 The inverse scattering problem on a semi-axis on a first approximation

The inverse problem for the system (2.1), is in finding the coefficients of the system (2.1),
by the given scattering operator S on a semi-axis.

Here the coefficients of the system (2.1), are restored by the scattering operator on a
semi-axis constructed on a first approximation. It is constructed in the explicit form.
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For the first problem as a zero order approximation we take

U’%LO)(%t) = ag(t + &), k= 1,2
UM (@,t) = ay (t+ &) + ag(t + &),
U (1) = as(t + &4z),
U (@,t) = ar(t + &);
for the second problem
U (2,t) = ay(t + &), b = 1,2.
U (,1) = aa (t + &),
UPO (2,1) = ay-(t + &42) + as(t + &),
UL (2,t) = as(t + &1);
for the third problem
U(3’0)(x,t) = ap(t + &x), k=1,2
U (@,t) = as(t + &32),
U0 (@, t) = ai (¢ + &),
UL (2,1) = ay-(t + &) + as(t + &a);

Then in equalities (2.8), (2.9)and (2.10) the first order approximations will be:

+oo 5

Bi(t) = ar(t) +ax(®) + [ S lers(yst - a)UD(y,t — 1)+
0 Jj=
teaj(yt — Ea)U Dy, t — Eay) — esi(y, t — E3y)U O (y, t — E3y)]dy,
+oo 5
DY) = as(t) + [ S [eai(y,t — &)UV (y, t — ay)—
0 J=1 (3.1)
(1,0)
—c1j(y,t — &ay)U; 7 (y, t — &ay)]dy,
+oo 5
) = )+ [ Blers(yt —E)0) "yt~ )
=
—csi(y,t — &)U (y, t — &5y)ldy;
5 Tl (2,0)
b3(t) = ar(t) + f 2_31 [e1j(y, t = &)U (y,t — &1y)—
—c3i(y,t £3y)U( O (y, t — &3)]dy,
+oo 5
(1) = a(t) + )+ [ Lyt - aUP (y,t — &)+
0 j=
Fe(y,t — fzy)U](Q’O)(y, t —&y)— (3.2)
—caj(y, t — €4y) (2’0)(.% t — &y)ldy,
bE(t) = ag(t Of 102g y,t—fzy) 20y, t — &oy)—
=
—c55(y, t — &y)U. 2’0)(y,t—£5y)]dy;
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(5 i (3.0)
by(t) = ax(t) + ,Of 2 o2yt = Lu)UF™ (vt~ o)
]:

—c35(y,t — §3y)U;3’0) (y,t — &y)ldy,
+oo 5

bt = i) + [ 3 [eut = e U (y,t — &1y)—
]:
—ca5(y,t — §4y)U§3’0) (y,t — &ay)ldy,
+oo 5
B0 =ar(t) +axt) + [ X eyt - a)U (y,t — &1y)+
0 g=

+e2;(y, t — fzy)U](B’o) (y,t = &2y) — c55(y, t — &5 )Uf”o) (y, 1 — &y)ldy;

3.3)

respectively.
Taking into account in (2.13) and (2.14), we have:

ca(z,y) = (b — &) [Fh(&z +y, Sz +y) — Fh(biz +y, 7 + )]
as(z,y) = (&1 — &) [Fha(bz+y. & +y) — Fh(biz +y, &z + y)+
+%[F5’2(£1x +y.61 +y) + Fap(r +y. & +y) — F) (G +y. 62+ )]

cia(z,y) = “t ; s [F3 (Gz+y, &z +y) — Fp(Gz +y, &z + )

+F312(£1x + Y, £4$ + y)] ;
c15(z,y) = (&1—&)[Fa1 (Ga+y, Sa+y) — Fa(&a+y, Go+y) + iy (Sa+y, sa+y)+

%[F% Gz +y,&r +y) — Fh(bir +y,&a +y) — Fp(br +y,&a + )],

con(x,y) = (&1 — &) [Fi(Gax +y, 1w +y) — Ffy (S +y, &1+ y)]
co3(z,y) = (&2 — &3) [Fog(&ow + y, G3x +y) — F{i (Sox + 4, &7 + y)+
+ Fiy(or 4y, &2 +y)]
coa(w,y) = (&1 — &) [Fi (o + y, &ax + y) — Fly(ox +y, & +y)]
cos(x,y) = (&2 — &) [F(ex + y, &7+ y) — Fiy(box + y, G52 + y)+
+Fh (G +y, &2+ y)),
ca1(2,y) = (& — &) Fi (G 4y, &1z + ),
cs2(z,y) = (& — L) Fia(&3m + y, & + ),
csa(z,y) = (&4—E)[F1) (Esz+y, Samty) — Fio(Esa+y, &am+y) +2F o (Ssa+y, Sam+y) —
—2F} (&7 + y, &4 + y) — Fop(37 + y, &4z + ),
c35(2,y) = (&—&8) [Fia(Esa+y, Ea-+y) — 2Py (§sa+y, Eaty)+2 7 (Esa-+y, Esa+y) —
—F5 (&7 +y, &5m +y) — Foo (&7 + 9, &7 + ),
ca1(z,y) = (b4 — &) 3y (G +y, &1z + ),
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caa(w,y) = (€4 — &) Fip(Caz +y, &2 + ),
cus(x,y) = (& — &) [Foa(&ar + v, &2 +y) — Fp(bax +y, &2 +9)]
cas(@,y) = (&~ ) [Fo (Gax+y, Esw+y) — F5y (Gaz+y, &2 +y) — Fiy(Saa+y, Esa+y)+
+Fh (G +y, &2 + )],
cs1(2,y) = (&= &) 31 (G5 +y, E10+y) + Fi (S5 +y, L1 +y) — Fio (G52 +y, L1 +y)),
cs2(x,y) = (65— &) [Fin(Sz+y, Sx+y) — Fap(&s+y, Sam+y) + Fip(&sz 4y, Sax+y)),
cs3(2,y) = (& — &) [Fap (&2 + 4, 33+ y) — Fap(&sw + y, &334 9)],

csa(w,y) = (& — &a)[Faa (s + y, &ax +y) — Fip (s + y, &ax +y)]. (3.4)
where FZ; (t,7) -kernel of the operators F, l’; (j = 1,2,k =1, 3). Note that from the remain-
ing relations we have:

F211(t,7') = Fgl(t,T),T > t,
Flll(th) = F?}l(th) =+ Fl?)2(t7 7-)77— < t?

Flll(th) = F132(t7 T) + F122(t7 T) - F112(ta T) + F311<t77—)a7— < tv
Fiy(t, 1) = FP(t,7) — Fiy(t,7) — FR(t,7) — Fay(t, 1)+
+F%(t,7) + Fy(t,7), 7 < t,

Fy (t,7) = F3(t, 1) — F3y(t,7) + Fiy(t, 7) + Fpy(t, 7)—

72F121(t77—) + F322(t77—) + F112(t77—)77— < ta
Fi(t,7) = Fiy(t, ) = Fiy(t, 1) + Fly(t, 7) = 2Ff (t,7) -

—F,(t,7) + F(t,7) + Fy(t,7),7 < t,

F122(t77—) = Fl?)l(th) - 2F212(t77—) - F322(t77—) + 2F112(t77—) - 2F122(t77—)+
—|—F231 (t, 1) — Fg’z(t, T)+ Fg}l (t,7), 7 <t,

F221(t77_) = F122(t?7_) + F312(t77-) - F112(ta T) + F212(ta 7—)’7- < t?

F221(t77—) = F231(t77—) + F212(t77—) - F222(t7 T) + Flll(t’ T) - F121(t’7—)’7— >t
F??l(t7'r) = F231(t77) - F232(t7 T) + F?,ll(tv T) - F122(ta T)_ (3 5)
_F112(t77-) + F322(t’ 7-)77- < ta

F2(t,7) = Fl(t,7) + Fla(t,7) — Foy(t,7) + Fly(t,7) — F4(t,7), 7 > t,
Figl(t77) = Flll(th)aT > 1,

F(t, 1) = F4(t, 1), 7 <t

F232(t77-) = F212(t77—)77- > t,

Fg’l(t,T) = Fgll(t,’i') + F322(t, T) — ng(t, T)+ Flll(t, T) — F121(t,7'), T>t

F§’2(t?7_) = F112(ta7—) + F?}l(t?T) - F122(ta7-)77- < ta
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The scattering operator S has 18 elements on the axis or 36 elements on the semi-axis.

From 36 elements by formula (3.4) we find 20 coefficients of the system (2.1), 16 unneces-
sary elements are connected with 8 relations on the axis (16 on the semi-axis with respect

to t) by formula (3.5).
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