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Let Dy ={z€C: |z—ay| <R}, a1,...;an, € Dy and D = {z € Dy :, |z —a;| > 1y,

i :m}, where 0 <7, < R—|ag —a;|, i =1,m, ri+r; < |a; —q;|, 4,7 =1,m, i # j. We

will denote by A (D) the space of all analytic functions in m + 1 connected domain D with

the topology of compact convergence. This means that, by a convergence in this space we

will mean the uniform convergence in any compact of D. For max llap —a;| + 1] < R <R,
i=

,m

ri <1p < R —lag — a;|, i = 1,m, v+ 7} <|a; —a;l, 4, = T,m, i # j we will consider the
seminorms )
Hf||A(D),r’1,...,r'm,R' = max{ If ()] z€ Dy r;,L,R’} ,

that convert A (D) into a Frechet—type space, where
Dy ={2€C: |z—al <R, [z—a)|>r],i=T1,m}.

It is known [see, for example, 2] that the system of functions 1, (z — ao)*, (z —a1) .. ..,
(z —am) ™", k € N, forms a basis for A (D), i.c. every function f € A (D) can be uniquely

represented in the form
F) =323 10 (=)@, (1)

where wy (k) =k, k€ Z,, w; (k) = —k—1fori =1, m, k € Z,, and the coefficients f,gi),
ke Zy,i=0, m are defined by the formula

fki) = / f(z W g ke Zyi=0,m
27i

and I';, i = 0, m are any circles centered at the points a; and belonging to the domain D.
Denote oy = R~' and oy = r; for i = 1, m.
First we prove the following theorem on the convergence to zero in A (D).
Theorem 1. The sequence f, (z) convergence to zero in A (D) if and only if the
coefficients of expansion

S DI AEEE

=0 k=0

satisfy the conditions

f(z) <€n(1+5n)kaf,k€Z+,i:O.,m (2)
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for any n € N, where
lim &, = lim §,, = 0. (3)
n—oo n—oo
Now we consider the linear operators in A (D). It follows from (1) that for any linear
operator T': A (D) — A (D) the expansion

j wy k
ZZZKZXmeﬁ)@wJ“
i=0 k=0 \j=0 p=0
is valid, where f (2) = ™, 2, 7 (z —a;)*™ and
T((’Z W)) DN Tipig (z—ai)* W pe Z.,j=0m.
i=0 k=0

Let the system of sequences of positive numbers g = {{ g,(j)} =0, m} satisfies
k=0

the conditions:

Vi=0,m,Vk € Z, : AU 1nf{‘\/ @ —\/ 9 @ ipE€Zy, 5=0,m, (4,p)# (i, k)} (4)
- AT (4) 1 _ ; M) + —
Vim0 i (A0 @) =1 (o) =1 ®

Definition 1. By A, (D) we denote the set of analytic functions

=S -0 € AD)

i=0 k=0
whose coefficients satisfy the following conditions:

0 < Mygl ot ke 2, i =T, (6)

where Mjy is a constant independent of k.
Theorem 2. Let T, : A(D) — A(D) be a sequence of linear operators

ZZ<ZZ T 9 (e a) ™
i=0 k=0 \j=0 p=0

where f(2) = 'y o, f,ii) (z—a;)*®) € A(D). If there exist sequences £, and 4,
satisfying (3) such that the inequalities

Z kp(zj) ]_a <En(1+5> ': ,m,k€Z+ (8)
7=0 p=0

‘T(”;) (i) a?—af <6n( +5) =0,m, k€Z+7 (9)
7=0 p=0
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/g]gj) p_ / )oz
=0 p

()
> ‘Tkp (i)
s

holds, then for any function f € A, (D) and for every Jnax llap —a;| + 1] < R < R,

<en(146)aki=0mkez,.  (10)

gl()]) P g( )a

<en(146) ek i=0,m ke Z, (11)

r <1y < R —lag — ail, i = 1,m, v} + 71} < |a; — ajl, Zj—lm i # j we have

7777777

Now, we will present the following general result on approximation in A (D).

Theorem 3. Let the sequences of positive numbers b = {{b l)}k — m} and
=0
g= {{gfj)} D= O7m} satisfy the conditions (4), (5) and T,, : A(D) — A (D) be a

linear operators defined as (7). If there exist sequences ¢, and §, satisfying (3) such that
the inequalities

ZZ 16(7;)’ ,])g}g]) A g(l)ak <5n(1+5n)kaf7i20,m7k€Z+, (12)
=0 p=0
>3 [l ool <o+ ot abi=Ombez 03
=0 p
ZZ‘ ,57;) (i) b (’) off — b(z)g,(;)ak <en(1+6)"aki=0,m, ke Z.18)
7=0 p
ZZ\TQM bg9a? —b0g0ak| < ey (146, aki=0m ke 2, (14)
7=0 p=0

holds, then for any function f € A, (D) and for every max [|lap — a;| + 7] < R < R,

i=1,m
ri <rj < R —lag —a;|, i =T,m, rj + 15 < |a; — a;|, 4,7 = 1,m, i # j we have
lim ||T,,f — i =0.
'rLl—lgolo H f f”A(D),'rl ..... r R 0
Definition 2. Linear operator T : A (D) — A (D) is called k-positive if it preserve
the subclass of analytic functions with positive coefficients in the expansion of functions in
series (1).
It is obvious that the k-positiveness of the operator

- Z Z (Z Z Ty p, (Z-’j)fp(j) (2 — ai)wi(k) 7
i=0 k=0 \j=0 p=0

where f(z)= ', 7o, fki> (z — a;)*® € A(D), is equivalent to the non-negativeness
of the coefficients T}, ; jy, i, 5 = 0,m, k,p € Z,.
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Let the sequences of positive numbers g = {{ g,(f)} 1 =0, m} satisfy the conditions
k=0
(4), (5). Denote

hy (2) = Z Z (g,ii))j o (z—a)™ v=0,1,2. (15)

Theorem 4. Let T,, : A(D) — A(D) be a sequence of linear k-positive operators.
The sequence T, f (z) tends to f (z) in A (D) for each function f € A, (D) if and only if

nlggo Toh, (2) = hy, (2)

in A(D) for v =0, 1, 2.
Let the sequences of positive numbers b = {{b,(:)} 1 =0, m}
k=0

and g = {{g,(:)}:io D= O,m} satisfy the conditions (4), (5). Denote

H,(z) = Z (b,(:)>§ g,(f)af (z — ai)“’(k) ,v=0,1,2. (16)
i=0 k=0

Theorem 5. Let T, : A(D) — A (D) be a sequence of linear k-positive operators.
The sequence T, f (z) tends to f (z) in A (D) for each function f € A, (D) if and only if

lim T,H, (z) = H, (2)
n—oo

in A(D) forv=0, 1, 2.
Theorem 6. For every sequence of positive numbers g = {{g,(:)}

oo

=0, m}
k=0
satisfying the conditions (4), (5) there exists a sequence of k-positive operators W, :

A(D) — A(D) such that the sequence of functions W, ((z - ai)“l<k)) — (2 —a;)"®

converges to zero in A (D) for every i = 0,m, k € Z,, and there exists a function
f* e A, (D) such that

m

R (z —ai)
R—(z—ao)+z(z—ai)

—
i=1 v

>0 (17)
A(D),ry .l R

nlg”f;o Wof™(2) = f (Z)”A(D%7'3,“.,'&",1?’ =

for every max [[ag —a;| + 7] < R < R, r; <17 < R —ag —a|, i = 1,m, rj + 71} <
i=1,m

la; —a;], 1, j = 1,m, i # j.
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