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Introduction

This paper concerns the multiparameter spectral (MPS) theory, which is related to
the attempt to solve boundary value problems by the method of separation of
variables. We identify this MPS problem with a suitable "spectral investigation" on
the operator system

A = (AL D), ..., An(Y),
where

Let A;(A) be an operator acting in a Hilbert space H; and depending on
"multidimensional” parameter A = (A4, ..., A,) € C". It will be assumed that A; is an
unbounded (in general) self-adjoint operator and By is a bounded self-adjoint
operator for j,k € {1,2,...,n}.

Let H be the Hilbert tensor product of the spaces Hy, ..., H, .To each operator A; and
Bj We associate the operator

A]F =1 ®"'®Ij—1®Aj®Ij+1®“'®In
and Bjy acting in H = H;® --- ®H,, see [19]. The general method for studying the
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system A(A) consists in constructing the corresponding operators
Ay, A4, -+, Ay which are the (well-defined) determinants of the operator matrix

(Bjtk ?j—l and the matrices obtained from this matrix by replacing the j-th column by

the column of operators A, ..., AY.. By definition we have

Ay = Z 8O'Blo'(l) ® - ®Bnc(n),

o

where ¢ = (0(1), ...,0(n)) runs through all permutations of (1,2,...,n) and g, is the
signature of o. We can also introduce the other tensor determinants A4, ...,A,,
defined by analogy with A,. We note that the operator A, is bounded in H and the
operators A, ..., A, admit closures.

We assume that A, is positive definite: Ay > 0, i.e. (Agpx,X) = a(x,x) for some
a > 0 and for the arbitrary x € H.

The separating system of operators AglA,,...,AytA, is the family associated
with the multiparameter system A(A). Certain important problems in the MPS theory
have a complete solution just because they can be expressed in terms of this family
of operators.

The precise definitions along with various properties and the interconnection
between the original MPS problems and the corresponding problems for the
separating system of operators can be found in [3], [4], [22], [15], [16], [13].

The spectrum of a multiparameter system A(A) is defined to be the set o[A(-)] of all
A € C,, such that each of the operators A(A) is not invertible, see [11]. The point
spectrum of A() is the set of A € Cjsuch that each operator A;j(2) has a nonzero
kernel. Let us note the following important properties of self-adjoint MPS systems
which are well known from the standard multiparameter theory, see [8], [23], [22],
[12], [14]. The separating system of operators I} = AglA]-, j=1,2,...,n consists of
essentially self-adjoint operators (i.e., the closure I_‘] is self-adjoint, see [6]) in the
space (H), which is the Hilbert tensor product H; ® --- ®H,, with the "weight" inner
product (x,y) = (Aox,y). The operators I, ..., I}, are pairwise commuting in the
sense that their spectral measures Er, ..., E, commute. Let E, denote the standard
spectral measure Er, ® --- ®Er_ of the strongly commuting family of self-adjoint

operators I, ..., I},. Further, we have
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o[A(")] = SuppE, ¥ oit(Ty, ..., T,).
Here the left hand side is the spectrum of the MPS system A(A) and the right hand

side is the joint spectrum of the strongly commuting separating system of self-adjoint
operators.

Then it is natural to call joint spectral measure E, of the separating system [, ..., T
the spectral measure of the self-adioint MPS problem for the system of
operators A(MA).

This paper deals with the geometrical and analytical structure of the spectrum
o[A(-)] and the construction of the spectral measures of the self-adjoint MPS
problem beginning with the corresponding measures of the original self-adjoint
operators Aj(A), A € R". Further, in addition the operators A4, -+, A, are assumed
to have compact resolvents except one. From the point of view of applications in
mathematical physics these requirements can be regarded as natural (one radial and
several angular variables arise by applying the method of separation of variables.)

In the 1950th years H.O. Cordes published a series of papers on the method of
separation of variables studied in the Hilbert space. See [9], [10], also [18]. The
solution of the problem for some two-parameter operator systems can be deduced
from these works by Cordes (n = 2, A = A7 isarbitrary and A, = A% has adiscrete
spectrum, By;; + By, =1, =B,y + By, =1, B;; >0, By, >0, By; <0, By, >0,
Ay= 0 - consequently, the operators Bj; and B;j, commute).

For the three-parameter case see [1] and for some general discussion see [2]. We
essentially use the Bishop's ideas (see [7]) concerning the structure of the roots of
analytic functions of several complex variables with values in Banach space and
some arguments of the geometric theory of functions of several complex variables.
To construct a spectral measure in a general n-parameter problem we essentially use
the Cordes method for the two-parameter case.
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81. Representation of Initial Multiparameter Operators in
Terms of a Separating System

Let By, be self-adjoint bounded operators and A; be a self-adjoint unbounded

operator in a Hilbert space Hj, j,k € {1,2,...,n},and H = H;® --- ®H,,. Further,
we denote

B11 Bln

Ao= det(Bf) =

(1)

n1 " Bnn

and let A; be a tensor determinant operator in H which can be defined in the usual

way, namely by replacing the j-th column of A, by the column of operators
A4,..., A, For example, if n = 2, we have

Ap= B11®B;;—B1,®By1, A= A1®B,;—B1,®A,,

and A2= B11®A2 - A1®B21
By definition, we set

D(4))=D(A)®D(A2)®..®D(Ay),
where ® is the algebraic tensor product. If Ay >> 0, then the operators
a

= AglA]- j = 1,2,...,n are essentialy self-adjoint operators (see, [8], [23], [12-
16]) in a new Hilbert space (H) with an inner product

()= (4.

Let us introduce the operators

n
By(v) = z Bimfuk (),  jk=12,..,n )
m=1

depending upon the variable v, that is,

(Bik("))nxn = (BjK) yon (fjk(V)) ,

nxn
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where fj, (v) are some scalar functions to be determined later. Now we introduce

n
F]'(}\,V) = Z(I—Tk - )\k) gjk(v)l j=12,..,n
k=1

where g (v) is a cofactor of the element fj, (v) of the matrix (fik)nxn' Then

A;() Bi(v) -+ Bip(v)

| = 81811+ Bogrp + o+ Angin —
An(}\) Bn2 (V) Bnn(v)

—Do(A1811 + 22812 + -+ Angan) = (A1 —A1A0)g11 + -+ (A — AyAg)E1n

and hence
Ay ) B12(V) Bln(v)
Fl(}\,V)X:Ao_l ces cee cee cee X. (31)
An (A) an (V) Bnn(V)
In a similar manner we have
Bii(v) - Bl,n—l(V) AL (D)
Fn()\,V)X — A(—)l e x, (3n)
Bnl(V) Bn,n—l(V) An O\)

and accordingly (3;) for x € D(A1)® ... ®D(A,,). Now multiplying (3;) by
Bj;(v) = B;;(V)®I,® ... ®I,, and summing up, we obtain

= Byy(v) -+ Bap(v)
Z By WA, v)x = {Bi,-(v) i T
j=1 Bn2 (V) Bnn(v)
By1(v) Baz(v) - Bya(v)
B{z(')Ao_l . 4+ .4
Bu1(v) Bps(v) - Bpa(v)
By (v) - B2,n—1(V)
FEDMIBLMA e A x+
By (v) - Bn,n—l(V)
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Biz(v) -+ Bin(v)
+{ B}, ag" [B2™ - Ban O 4 B, (v) 457
BnZ(V) Bnn(V)
B11(v) Biz(v) - Bin(v)
. B2.1”(\’) B3.3”(V) .1.3.2n(V) 4ot
Bnl(v) Bn3(V) Bnn(v)
By (v) - B1,n—1(V)
+(-D Bl W) 851 [P BanaW A @y x4+
Bnl(V) Bn,n—l(V)
B2 (v) Bin(v)
+ Bh(v)Aal — et
Bn—1,2(V) Bn—l,n(V)
B11(v) B1,n—1(V)
FEDMIBLMIA e M (@)
Bn—1,1(V) Bn—l,n—l(v)

Let us assume that

det (fjk(v)) =1.

nxn
It is easy to show that
Bi;(v) - Bia(v)

Bnl(v) Bnn(V)

Ag=

Then the expression in the first bracket on the right hand side of (4) equals to 1 and
the others equal to 0. Thus, by analogy, for the other sums

PACOLIER)
j

we obtain the relations
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AL ()X = Z BL. WL, (WX, k=12, ..,n ),
for
X € D(A1)<§ . ®D(A,).
In particular, if A =(0,...,0) and f;;(v) = ... = fp(v) = 1, fj(v) =0, forj # k,
we obtain

Abx =) Bi i, x€D(A)S .. 8D, (5),

According to the MPS theory of self-adjoint operators (see [8], [23], [12], [14]), we
have

n

D(L(A, ) D At(x) A €RY,
Q (v ﬂ €

j: ]:1

(let us recall that the operator A}(v) is closed by definition).

Let x € NJL, D(T}). Then there exists the sequence

)P € D(A)R... §D(An) such that x, - xand Alx, - Alx, j = 1,2,...,n.

Indeed, D(AY) = D(|A}|), that is why, the operator |Af| + -+ + |A%] is determined
inD(AY) N ...nD(AY). If x, > x and

(IAY] + ... + |AL Dx, = (JAY] + ... + |AY Dx, then we have
0 « I(AS] + ... + 1AL D Gn = DI? = [I(AD) (xn — X)II* +
HIAS] + . 4+ IARD i — 0N1% + 2(1AL (% — %), (AS] + .. + [ALD (xp — X)).

The family of the operators |A}

,j =1,2,...,nis commutative, so the last term of
this sum is a non-negative number. Hence
|ATI(xp — %) = 0.

and then

Al (x, —x) - 0.
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Thus, Ajx, = Ajx, j=12,...,n,

Taking A%(?\) instead of Ag we obtain the same proof for A?(A),j =12,...,nand
A€ RD.

Further, from A{(A)x, — A{(A)x it follows that
A V)%, = A A, V)x, j=12,...,n

where A;(A,v) is obtained from A; by replacing A; by A;(A) and Bjx by Bj(v).
Taking into account that Ay is a bounded operator we obtain

LA Vv)x, » TV j=12,...,n
Thus,

AOOX = ) BROIT GV x
k=1

for each element

X € ﬂ D (A}(x)) = ﬂ D(AD).

j j
This proves the following proposition:

Lemma. 1 Let A; and Bjy be self-adjoint operators with Ay>> 0 and Bjx(v) =
2m Bjmfik(V), j,k=1,2,...,n, where f; (v) are some scalar functions such that

det (fr(v)) =1.

nxn

Then the following relation
Ag(?\)x = z Bjtk(V)Fk(A, V) X, j=12,...,n )
K

holds for each

n

xe(]p(a).

j=1
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82. n-1 Discrete Problems Structure with n- Parameters

Let Ay, A,, ..., An_; be operators with a discrete spectrum (that is, their resolvents
are compact operators) and the following conditions be satisfied:

8jk ' B]k > 0, ] =12,..,n—1, k=1,2, ...,nfor some 8]1( =41, (6)

B11 Bl,k—l Bl,k+1 Bl,n

€k >0 (7)

Bn—l,l Bn—l,k—l Bn—l,k+1 Bn—l,n
for some set of sign factors g, = +1.

We note at once that the formulas (6) and (7) do not impose essential restrictions
on the operators Bjy in the sense of following propositions:

Lemma 2. If Ay>> 0, then the operators Bjy can be replaced by their non-degenerate
linear combinations such that these new operators satisfy the conditions (6) and (7).

Proof: Let x§ € Hy, such that (B,,x¢,xg) # 0. Then

Bll o Bln
Bn—l,l Bn—l,n -
(Bn1X8' Xg) (BnnXS! Xg)

(BnkX{Jl' Xg)Bjn

= (Bnnx(r)l: Xg) - det <Bjk - n on ) :
(Bnl’lXO’XO) (n—1)x(n—1)

Assume that (B,nxg,xg) > 0 for the sake of simplicity. Then Bjy can be replaced
by B]:k, where

(BnkX5, X5) .
m i Bin=Bjn j=12,..,n k=12,..,n-1
nn )

Bjy = Bjk —
and we have
n

®det(By) >0

jk=1

For every set of sign factorse, = +1, r= 1,2,...,n — 1, there is a non-zero
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vector o (g) € R*~1 such that

n-1
Srz & (€)Bis > 0, €= (gq, ..., En)
s=1
see [5].
We set
n-1
Bj; = Z «s (DB, 1=(L1,..,1)

s=1

B =By +Bjy, j=12,.,n k=12,..,n—1,
where £ is a large enough number. Taking
n-1
By, + cZ B
k=1
instead By where ¢ is a large enough number, we get the formulas (6) and (7).

This proves lemma 2.
Now, let us consider following two-parameter operator
A(A,A;) = A— 2By —A;By,

where A is an arbitrary self-adjoint operator with a discrete spectrum and B4, B,
are self-adjoint bounded operators, moreover,

B; >0, B, >»0.
Lemma 3. The real spectrum of the operator A(A;,A,) consists of eigenvalues only

and we have

olAOINR? = o, [AOT R = | Jva,
n=1
where v, is the analytic curve in R%. Moreover, the points of intersection of these

curves do not accumulate in the finite part of R? and if y, = {A: 1, = @,(A,)}, then
we have
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depy
da,

_ (Blur U)

)\0 7\0 —
( b 2) (Bzu;u)’

for an arbitrary u=Ker (A(AO,A(Z’)), provided (A2,19) € vy, N vy, (n = ).

Proof. Itisclear that if (A?,19) € o N R?, then (A9,13) € o[B;*A(")]. Since the

operator B; 1A has a discrete spectrum, the same is true for the operator B; 1A —
A9 According to the well-known theorem of the perturbation theory (see [17],
theorem VII. 1.8 and II. 1.10) the spectrum in some neighbourhood of the point
(A9,19) consists of the analytic curves v, k = 1,2,.., m passing through (A9,19)
and for every curve yj we have the Rellich's formula (see [20])

(Bluf U)

i B w)
(Bzu,u)’ ®)

= _(Bz_lBlu; U)B
lagag) :
where u=Ker[B;1A(A9,29)] and (x, ¥)s, = (X, B2y).

Since B; 'B; is a strongly positive operator on Hg,, we have

where a and b are some negative numbers.

Then each of the functions ¢y is continued along the whole R analytically. Indeed,
if

y ={A 2 = o)}
and A; = a(prmly') is a boundary point of projection of the curve y’ on the axis A,
then the function ¢ is continued through A, into some of its neighbourhood, because

all spectrum points in some neighbourhood of (A9,A3) € dy' consist of a finite

number of analytic curves and it is clear that one of them is a continuation of .
Similarly, if

By = Sup Ay, Wy =InfAy,

where Sup and Inf are taken with respect to the set of those A, in which @y is
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continued, then ¢y is continued through p, into some of its neighbourhood. Thus,
we have pu; = oo, py; = —oo, and lemma 3 is proved.

Theorem 1. The set 6[A; (A)] N R™ consists of at most countable number of the
analytic surfaces

#m = Ay = om0 Ap1)}

(@ is the analytic function in R?~1). Only a finite number of surfaces can pass
through each point A € R™.

Proof. It is known that o[A; (A)] is the complex analytic set (see [7]). Assume that

A% € 6[A; (A)] N R™. There exist non-zero functions F,,, (A1, A5, ...,7,),
m = 1,2,...,r, holomorphic in some complex neighbourhood U of the point A°
such that common zeros of these functions coincide with

o[A;(M)]NnU,m =1,2,...,r.

First of all, let us consider a zero-set (the set of all roots) of the function F;. We
denote X = (A, ...,An—1) Suppose that F;(A%2,) = 0 (this condition can always
be obtained by the linear substitution of the variables). Then by the Weierstrass
theorem (see [21], 88, VI) in some neighbourhood of A° (without loss of the
generality in U) the function F; can be represented in the form:

F ) = {0 = 2D+ ¢, (A) Ay = ADX 1+ +C (W) Jpo V.
where Cy, are holomorphic in U = {(Ay,..., An_1): (A1,...,A,) € U}, Cp(R°) =0
and @o(A) # 0 forA € U.
Thus, zeros of F,are given by the equation
P = (A — ADX+ C(A) A — ADE 1+ +C(X) = 0.
This equation has k number of roots with respect to A,,:
AN =gl(A),N=12,....k

where the function g; are locally holomorphic in U everywhere except the set 4;, in
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which the equation has at least one multiple root. Indeed, we have ;TP # 0 for the

A€ U\4, and it is sufficient to apply the implicit function theorem. In a similar
manner zeros of each function F,, are given by the locally holomorphic functions
gl of the type gi.

Assume that (uy, Uy, ..., Uy—1) € 6[A;(A)] N R™ and

r
(Hp M2,..., |J'n—1) € ﬁ\ U (Cﬂm)’
m=1
where A, the analytic set, where the function gy' may be of non-holomorphic
character.
Then there exists some neighbourhood U(py, Wy, . .., ty—1) Such that all the
functions g¥ are holomorphic.
Denote
PNk = {7\:7\ € U(Hy, My ey Mnm1), A = gll\(l()\lf---:}\n—l)}-

Then the part of the set o[A; (A)] N R™ which is in the neighbourhood U, can be
represented as a union of all the possible intersections

(Znk N---N pix) NUL AR
We shall prove that

ot IR U, = | (70 0 RY), ©

Nk
that is, the union of some surfaces (which corresponds to zeros of the only function
F;) coincides with the spectrum in the neighbourhood U, N R™.
To prove it, let us consider the simple case.

Let the number of analytic functions F; be equal to 2 and let each of the function

Fj,j = 1,2 have two corresponding different surfaces in R", namely p, and p, for
Fy, also Q; and Q, for F,. Then (9) means that the set o[A;(A)] NR" N U,
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coincides with one of p,,p, 0or p; U p,. Indeed, let p; and Q; be determined
correspondingly in terms of the functions

}\n = P]'()Ll, )Lz, . .,)Ln_l) and }\n = q](}\ll e ,}Ln_l).
Let us investigate three cases:

1°. If pj # Q forallj,k=1,2, then

o[A;(N]NR"NU, = U(go]- N Q).
ik

It is clear that p; N Q, isacurvein R". So, spectrum consists of curves only.
We recall that the curve y c R" satisfies the following condition:

in the neighbourhood of each point (A,...,A,_;) € R®! there is a point
(&, &n-1) suchthat (§,...,8,-1,8,) € y  forall§, eR.

Let us prove that the point € € o[A;(A)] NR" N U, does not satisfy the last
condition. First we consider the following two-parameter operator with respect to
An—1 An-

Al O\n—l'}\n) = (Al - E(l)Bll_- T Zg—zBm—z) - )\n—lBln—l - )\nBln-

Then (€2_,, &%) belongs to the last operator spectrum. According to Lemma 3 some
analytic curve A, = @(A,_;)passing through (£2_,, £€9) also helongs to this one and
the equation

dxn _ (Bl,n—lul; ul)
Po-ilo,ing (Brouhut)
hO|dS, where ul € Ker(A1 - E(l)Bll_' e E?l—ZBl,n—Z - }\n—lBl,n—l - )Ll’lBll’l)'

Assume that (A,..,Al_) € U, where U’ is a small enough neighbourhood of the
pOint (E(l)l ) E?‘l—l)'

Denote [T = {(A:dq—1 = A0_1} V2 = A =&, hny = S0z A = @(My-1)}
and [1nyz = 2" = (8, 82 A1, 0(E-0) )
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Assume that our proposition holds for n — 1 parameters. Let (u?,...,p9_ ) €
o[A] =Bl —...—Ap_1Bi ;] NR"™Y, where A} is self-adjoint and Bj are
bounded, self-adjoint strongly positive or negative operators. For each point

(M1-+-»NMn_z) from a small enough neighbourhood of (u?,...u2_,) there exists
Ny—1 € R such that

(M1, Mp-1) € G[A% —MBi—...— )\n—lB%,n—l] NR"
We can apply this argument for the operator
(A1 — Ai-1Bin-1) —ABli—..— Ay 2Bin o — ABln.

If (E?, L8, (p()\rll_l)) belongs to the last operator-functions spectrum, then it
follows that for the point (A},...,AL_,) there exists A} € R such that

(AL M- AR) € oA — MBl—... = Aq—2Bl o2 — Af_1Bin_1 — AnBi,]
or

LAz A1, A € o[AT(V].

2°.p1 =Qi and p, #Q,

If p, NQ, & p,, then by repeating the previous arguments we shall have a
contradiction.

3° p; = Q; and p, = Q, then we obtain
o[A;(M]NU, =p;1 Up,.

Thus, o[A; ()] N U,, consists of some surfaces 1 U...U p; where we denote pj =
P,k =1,...,4, for simplicity.

For each surface pj there exists some analytic function g, such that we have A, =
g (A4,...,An_1) for the points A € pi. Let us prove that g, has the analytic
continuation on all R" 1,

If AV € api\A; (let us recall that the analytic set is closed and does not divide any
domain), then AV € 6[AL(A)] (as the spectrum is closed). By repeating the previous
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arguments for A() we obtain that in some its neighbourhood all points of the
spectrum belong to some analytic surfaces Qlln, m = 1,2,..., 1. Each surface Qlln is
given by the equation A, = q_(A4,...,A,—1) Where q_ is an analytic function.

Let P.(A,,..., A _1)Pj denote the projection of pi on the hyperplane (A4,...,A,_1).

It is clear that (P-(Ay,...,An—1)2k) N Uy is an open set. If g (Ay,...,A4_1) #
q, A1, A1) for all m=12,...,¢ and A0 A1) E
(Pe(A1, ..., An_1)2i) N Uy then the whole set py N U; cannot be covered by the
union Upm(#:NQL) (see the above mentioned arguments). So we have
g A An1) =q,(Ag,.., A1) for some m and for all (;,...,A,_4) €
[P, An k] N Oy

Then the function g, is analytically continued through the points AV € dp,
(according to the definition of the analytic continuation).

Assume that (A}, ...,AL_,) € U;\A; By definition of the analytic set there exists the
curve AW c U\A; and if A@ = (AWR) na[P. Ay, ..., Au_1) (2E N QL )] then
there exists A®® € 9(pE N QL ) such that A = (A®22) see [21].

Thus, the fiinction g, is continued through A in a similar manner. Let M be the
set of those points of AL, on which the fiinction g, is continued in this way.

It is easy to see that M is at the same time closed and open, that is, M=AMAL. Indeed,
the spectrum is closed and the function is continued from the neighbourhood into the
neighbourhood.

Thus, g, is continued into the whole U \A; analytically.

According to the well-known theorem of the theory of several complex variables
(see [21], theorem 3, 810) if the function is holomorphic in some domain, except
some analytic set of the co-dimension one and locally bounded in A4, then it is
continued holomorphically onto the whole domain.

Thus, g is holomorphic in U. Let us consider the restriction of g, on R**. For
each point of the boundary of the domain by repeating the previous arguments
similarly to Lemma 3, it is easy to establish that g, is continued holomorphically
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onto R*1

Now let us prove that the number of surfaces is at most countable. In fact, for each
surface p there exists the point A such that only the finite number of surfaces passes
through it.

Letry,ry,...,rheq be rational numbers such that

|(ry, .o, Tpy1) — Al <Tpyq

and, moreover, such that the other surfaces of 6[A;(A)] do not pass through the
neighbourhood

A= (ry, . Tne) | <Tnyg
Thus, we get the one-to-one correspondence
{ru... ol = (o Thgr)-
It means that the number of the surfaces is at most countable.
Theorem 1 is proved.

Theorem 2. The set 6[A; (M) ] N...n o[A,_;(A)] N R™ consists of at most countable
number of the curves y,, with the following properties:

1) ym= {7\: Ak = cpgf) (7\1)}, where (p;‘;) is the analytic function.

2) These curves intersect at most countable number of the points and the
intersection points do not accumulate in the finite part of R™.

Proof. Let p4,..., pn_1 Spectrum-surfaces of the first, second, ..., and (n —1) -th
problems, correspondingly

Pj= {A:An = pj(7\1:---,7\n_1)}; ji=12,...,n—1,
and we denote
q)j(}‘l""'xn—l) =M —p,-(kl,--.,hn_l);j =12,...,.n—1.

Let ] be the Jacobian of this system is
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dd, 0D,
o, o

J=| : :
0P, 0P,
o, o

IfA, =29,...,4,_, =29, , then p(Ap_1) — p1(AY,...,2%_,,A,_;) = 0 for some
function A,_; = @(A,_1).

Then

oD, ¢  (Byp_qut,ult)

Ay B oAy T (B1,n—1ul,ul)'

where u! € KerA; (1), u® # 0 (see lemma 3).

For the other functions p; and the points A; we have

(Blzul' ul) (Bl,n—lulful) 1
(Bl,nul' ul) (Bl,nul; ul)
J= : : : =
(Bn—l,zun_l: un—l) (Bn—l,n—lun_l' un—l) )
(Bn—l,nun_lv l'ln—l) (Bn—l,nun_l’ un—1)

n-1

H(Bknu uk) det((B]gu] u])) forall j=1,2,...,n—1, £=23,...
k=1

According to the formulas (6) and (7) we obtain that ] # 0.

Then in each small enough neighbourhood of the intersection point p4,..., Pn-1
the system of the equations

(@

i =0, j=12,...,n-1}

has the unique solution
A =0 (N)

Ay = @n-1(A1)

and for this curve points we have the formulas, like
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I Bi1 Bl,n—l
6_}\11 =_ : : : 1'®...Qu L ul®...Qu?!
i Bn—l,l Bn—l,n—l
-1
By -~ Bi, (10)

WQ...Qu" u’®...Qu"

Bn—l,z o Bn—l,n

This proves the Theorem 2.

10.
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Abstract

This article is devoted to the geometry and analytical structure of the spectrum of
self-adjoins multiparameter operators.
If all “main” parts. Ay, ..., A, of multiparameter operator family Aj—2A;Bj; — -+ —

AnBjn, j = 1,2,...,n are assumed to have compact resolvents except one and tensor-

determinant Ay = d%t(Bjk)j et 1s positive definite operator, then real part of

spectrum N7, 6 [AjA;Bj; ..., AnBjn| consists of at most countable number of

analytical curves which intersection points do not accumulate in the finite part of R".
This analytical structure is an important tool for further investigation of
multiparameter spectral measures.
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