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Abstract

The connection between structural and constructive characterization of a
function is one of the most important problems of approximation theory and
this relations is given by Jackson type theorems. The structural properties of
functions, i.e., the modulus of smoothness can be given by different methods.

In this article we define different moduli of smoothness of order k for func-
tions and study the relations between these moduli of smoothness and give
some unsolved problems on equivalence of these definitions. Also we will prove
some Jackson type theorems on compact groups.
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1 Introduction

We know that most of the theorems about approximation of 27-periodic functions
have a natural analogue in the approximation of functions on the sphere S™ by spher-
ical polynomials and these results would be a starting point for the approximation
theory on compact groups .

2 Preliminaries and notations

Let G be a compact group with dual space G’, and dg denote the Haar-measure on
G normalized by the condition fG dg =1, and fG f(g) dg denote the Haar integral
of a function f on G. Let U,, o € G, denote the irreducible unitary representation
of G in the finite dimensional Hilbert space V,. We reserve the symbol d, for
the dimension of U, . Thus d, is a positive integer. Also, we denote by Y, and
t% (1,7 = 1,2,...,dy), a € G’, the character and matrix elements (coordinate
functions) of U, respectively.
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Let L,(G) be the space of all functions f equipped with the norm

171 ={ [ If(g)!pdg}l/p.

We write ||.[|, instead of |.||,q) and Lo = C'is the corresponding space of con-
tinuous functions and || f|| = max{|f(g)| : g € G}. As it is known (see [1] or [9], p.
99) the space La(G) can be decomposed into the sum:

Ly(G) = ®H,,
acd

where
Hy,={f € C(G): f(g) =tr(Ualg)C), C =Hom (Vau, Va)}.

This theorem is one of the most important results of harmonic analysis on compact
groups.
The orthogonal projection Y, : Lo(G) — H,, is given by the formula

(Yaf)(9) = da /G () Xalgh™) dh, (1)

where (Y, f)(g) does not depends on the choice of a basis in Ly. Carrying out
this construction for every space H,, o € G, we obtain an orthonormal basis in
Ly consisting of the functions {\/@t% : ae G, 1<i,j<dy}. Any function
f € La(G) can be expanded into a Fourier series with respect to this basis:

do
Fl9)=>" > afitsi(a), (2)

ac@ =1

where the Fourier coefficients af; are defined by the following relations

af = da /G f(9)E:(g) dg, (3)

so that tf(g) = tf; (g71), where g~! is the inverse of g.
Note that the series (2) is a convergent series in the mean and the Parseval

equality
d
1 & .
L1 =32 o 3 las?
acG

ij=1
holds. The aforementioned result of harmonic analysis on a compact group can be
found, for example, in [1, 2, 4] and [9].
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We denote by Sh, the generalized translation operator on the compact group
G defined by

(Shuf)(g) = /G f(tut~g) dt,

(Auf)(g) - f(g) - (Shuf)<g) = (E - Shu)ﬁ

where u, g € G and FE is the identity operator.
We set

k
ALf = Du(DTV) = (B = Sha)Ff = (~)*Csh, f (4)
=0
in which ShOf = f, Shy(Shi~1f) = Shi f, i =1,2,...,k, k € N. We note that o
is a complicated index. Since G is a countable set, there are only countably many
o € G for which agy # 0 for some 7 and j; enumerate them as {ap, o1, ..., o, ...}
. S0 doy < doy < dpy < -+ < dg, <---. Because of that, the symbol “a < n” is
interpreted as {ag, a1, ...,a,_1} C G, and a > n denotes the set G\(a < n). Let
dq, as usual, be the dimension of H,. For typographical convenience we will write
d,, for the dimension of the representation U, n =1,2,... (see [7] or [8]).
E,(f)p will denote the approximation of the function f € L,(G) by “spherical”
polynomials of degree not greater than n;

En(f)p =f{[|f —Tullp: Tn € Z SHa} .

a<n,a€é’

The sequence {E,(f)p} -, of best approximations is a constructive characteristic
of the function f.

In the capacity of structural characteristic of the function f on a compact group
G, we define its spherical modulus of smoothness of order k by

w(f;7)p = sup{[|(E = Sha)* fllp = w € W},
where W is a neighbourhood of e in G. In other words,
Wr=A{u: p(u,e) <1, ueG}

where p is a pseudo-metric on G and 7 is any positive real number (see [8]).
Now we define the “iterated modulus of smoothness” in the L,-metric by

Wi (f;7)p = sup{[| Auy (Duy (- D f( @)D lp + wi € Wryy 0 <7 < 74,

where W, = {u; : p(ui,e) <7, u; € G} .
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3 Main results

The following theorem seems to be the most important case of the approximation
theory on compact groups.

Theorem 1 The following equality holds for all u;, g € G, 1 <1 <k:

(Shul (Shu2( .. Shukf)))(g) = Ldtl Ldt2 cee /G f(tlultfthUthl . tkuktlzlg) dty

= fo(Hletiuiti_lg)Hle dt;,

UL

Proof: First of all, it is clear that

where

(Shus [Shus 11)(9) = (Shu /G F(tausty Lg) dis])(g)

://f(tzmt21t1u1tllg)dt2dt1Z//f(tlultl1t2u2t21g)dt1dt2.
GJG GJG

In the last equality we used the invariance of Haar measure. From this by using the
mathematical induction, the proof of the theorem is complete.

Lemma 1 For the matriz elements, the following equality holds:

Xa(ul)on(UZ) ce Xa(uk)t% (g)
dk ’

o

f te (I ity o)) dt; =
G
Proof: We have proved the following equality in [8]:

/ t3(tut ™ g)dt = X‘Zl—(“)tg;(g), ue@, ged.
G «

Now, by using the mathematical induction the proof of the lemma is complete.

Corollary 1 Ifu; =us = -+ = uxp = u, then

k
_ all
# s oty = |25 o)
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Corollary 2 The following equality holds for characters of the representation:

f (Hk 1t uzt g) ;{::1 dt; = on(ul)Xa(,LZ;:) U Xa(uk)xa(g)

Corollary 3

k
_ al\U
v (T st g1 s = [Xd—“] Xal9).

Putting £ = 1 in Corollary 3, we obtain the known Weyl formula (see [5]):

/G Xa(tut ™ g) dt = X‘Zliu) Xa(9)-

The following are simple facts with frequent usage (see [8]):
If f € L, then

D Shufllp < ([ £]lp-
2) ||f—Shuf||p—>Oasu—>e

3)  (Ya(Shuf))(9) = 4 (Yaf)(9), Yo € G .

We note that x.(e ) = d
It is not hard to see that the following analogous properties hold for f € L.

V) [[(Shuy (Shuy (- - - Shuy ) lp < [1flp-
(The proof of this property follows from Theorem 1) .

2" |If = (Shu, (Shuy (- .. Shu, £))]lp — 0 as 3 — 0.
3)  (Ya(Shu, (Shua (- Shue f))))(g) = XellieGpldelid (v, £)(g), Vo € 6.

Theorem 2 If f € Ls and f is not constant, then

dp, 1
E <y —wi(f;— =1,2,...
n(f)2_ dn_kak(f7n)27 n 5 4y
Proof: Let f € Ly and S, (f,g) denote the n-th partial sum of Fourier series (2),
i.e.,
da n d”p
Op &
=D 2 aitilo) =) > 4/t (9)
a<nij=1 p=01,j=1

Using Parseval’s equality for the compact group G, we have

Eq(f)2=If = Su(H)3 = Z Z Jagj .

a>n 4,j=1
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Using 3'), it is not hard to see that
(Yo (Duy (Buz (- B ))))(9)

(1) (- 2) - (- X ) i), ac

Consequently,

(LB (Do (- L ) (9) d
— %(1-%) (1_%:2» ...<1_%:“€)>MZ; agitd(g)-

By another application of Parseval’s equality we obtain

(s (Bl D DI
2
- Y- Z(!l )y (b)) y Xl )

ael i,j=1

do 2
1 Xo(u1) Xa(u2) Xo(Uk) a2
§ —_ E 1— 1— Uy QA 74 .
da (’ da H da ’ ‘ doc ‘ ‘a’zj‘

a>n 3,j=1

=y di i (1 _ 2Rexa(u1) n |Xa(u1)|2> <1 ~ 2Re xa(u2) . |Xa(u2)|2>

2 2
a>n %=1 da d da da

2Re xa(up) | [Xa(ue)?Y | o2
<1 o + 02 |ag;|=.

7
Now using Bernoulli’s inequality

AV

I+z)1+ax2) - (I4+ak) >1+x1 422+ +
for z; > —1, i =1,2,...,k, and putting

N2 9 .
2y = Palw)T 2Rexalus) oy g
de da

we obtain

(A (Dag (- D (913

d k
1 & Xo(u)*  2Re xa(w o
Z(HZ(' ()l 2 o)) ) o
¥ ij=1 = o @
da

o
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Consequently,

(D (Do (- D (D)3
d d, k
I & o 1 & 2Rexa(u1), 4
S D D DD B P2 CULIV
da = da S dOc
a>n 2,7=1 a>n 1,0=1[=1

therefore,

Er(fz2 < 1(Du(Dusle - Du )93

da k R,
R IEDIPIE S o

a>n i,j=11=1

By repeating the method of [8], it is not hard to see that

L1 2k
EL(f)2 < (wilf; 5)2)2 + d—Ei(f)z
Finally, we obtain
dn
E, e(f5 =)z,
(P2 < |72 gpwitfi e

which proves the theorem.
This theorem is given in [6] for the case k = 1.

Remark: The problem of modulus of smoothness of functions given on the
sphere has been studied by P. I. Lizorkin and S. M. Nikol’skii, Kh. P. Rustamov,
M. Wehrens [10] and G. A. Kalyabin [3].

We note that the question of the equivalence of modulus of smoothness (for
k > 1) remains open for 1 < p < 0.
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