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Abstract

The connection between structural and constructive characterization of a
function is one of the most important problems of approximation theory and
this relations is given by Jackson type theorems. The structural properties of
functions, i.e., the modulus of smoothness can be given by different methods.
In this article we define different moduli of smoothness of order k for func-

tions and study the relations between these moduli of smoothness and give
some unsolved problems on equivalence of these definitions. Also we will prove
some Jackson type theorems on compact groups.
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1 Introduction

We know that most of the theorems about approximation of 2π-periodic functions
have a natural analogue in the approximation of functions on the sphere Sn by spher-
ical polynomials and these results would be a starting point for the approximation
theory on compact groups .

2 Preliminaries and notations

Let G be a compact group with dual space Ĝ, and dg denote the Haar-measure on
G normalized by the condition

R
G dg = 1, and

R
G f(g) dg denote the Haar integral

of a function f on G. Let Uα, α ∈ Ĝ, denote the irreducible unitary representation
of G in the finite dimensional Hilbert space Vα. We reserve the symbol dα for
the dimension of Uα . Thus dα is a positive integer. Also, we denote by χα and
tαij (i, j = 1, 2, . . . , dα), α ∈ Ĝ, the character and matrix elements (coordinate
functions) of Uα respectively.
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Let Lp(G) be the space of all functions f equipped with the norm

kfkp =
½Z

G
|f(g)|p dg

¾1/p
.

We write k.kp instead of k.kLp(G) and L∞ = C is the corresponding space of con-
tinuous functions and kfk = max{|f(g)| : g ∈ G}. As it is known (see [1] or [9], p.
99) the space L2(G) can be decomposed into the sum:

L2(G) =
X
α∈Ĝ
⊕Hα ,

where
Hα = {f ∈ C(G) : f(g) = tr (Uα(g)C), C = Hom(Vα, Vα)}.

This theorem is one of the most important results of harmonic analysis on compact
groups.

The orthogonal projection Yα : L2(G) −→ Hα is given by the formula

(Yαf)(g) = dα

Z
G
f(h)χα(gh

−1) dh, (1)

where (Yαf)(g) does not depends on the choice of a basis in L2. Carrying out
this construction for every space Hα, α ∈ Ĝ, we obtain an orthonormal basis in
L2 consisting of the functions {

√
dαt

α
ij : α ∈ Ĝ, 1 ≤ i, j ≤ dα}. Any function

f ∈ L2(G) can be expanded into a Fourier series with respect to this basis:

f(g) =
X
α∈Ĝ

dαX
i,j=1

aαijt
α
ij(g), (2)

where the Fourier coefficients aαij are defined by the following relations

aαij = dα

Z
G
f(g)tαij(g) dg, (3)

so that tαij(g) = tαij(g
−1), where g−1 is the inverse of g.

Note that the series (2) is a convergent series in the mean and the Parseval
equality Z

G
|f(g)|2 dg =

X
α∈Ĝ

1

dα

dαX
i,j=1

|aαij |2

holds. The aforementioned result of harmonic analysis on a compact group can be
found, for example, in [1, 2, 4] and [9].
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We denote by Shu the generalized translation operator on the compact group
G defined by

(Shuf)(g) =

Z
G
f(tut−1g) dt,

(4uf)(g) = f(g)− (Shuf)(g) = (E − Shu)f,

where u, g ∈ G and E is the identity operator.
We set

4k
uf = 4u(4k−1

u f) = (E − Shu)
kf =

kX
i=0

(−1)k+iCi
kSh

i
uf (4)

in which Sh0uf = f, Shu(Sh
i−1
u f) = Shiuf, i = 1, 2, . . . , k, k ∈ N. We note that α

is a complicated index. Since Ĝ is a countable set, there are only countably many
α ∈ Ĝ for which ααij 6= 0 for some i and j; enumerate them as {α0, α1, . . . , αn, . . .}
. So dα0 < dα1 < dα2 < · · · < dαn < · · · . Because of that, the symbol “α < n” is
interpreted as {α0, α1, . . . , αn−1} ⊂ Ĝ, and α ≥ n denotes the set Ĝ\(α < n). Let
dα, as usual, be the dimension of Hα. For typographical convenience we will write
dn for the dimension of the representation Uαn , n = 1, 2, . . . (see [7] or [8]).

En(f)p will denote the approximation of the function f ∈ Lp(G) by “spherical”
polynomials of degree not greater than n;

En(f)p = inf{kf − Tnkp : Tn ∈
X

α<n,α∈Ĝ
⊕Hα} .

The sequence {En(f)p}∞n=0 of best approximations is a constructive characteristic
of the function f .

In the capacity of structural characteristic of the function f on a compact group
G, we define its spherical modulus of smoothness of order k by

ωk(f ; τ)p = sup{k(E − Shu)
kfkp : u ∈Wτ},

where Wτ is a neighbourhood of e in G. In other words,

Wτ = {u : ρ(u, e) < τ, u ∈ G},

where ρ is a pseudo-metric on G and τ is any positive real number (see [8]).
Now we define the “iterated modulus of smoothness” in the Lp-metric by

ω∗k(f ; τ)p = sup{k4u1(4u2(. . .4ukf(g)))kp : ui ∈Wτi , 0 ≤ τi < τ},

where Wτi = {ui : ρ(ui, e) < τi, ui ∈ G} .
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3 Main results

The following theorem seems to be the most important case of the approximation
theory on compact groups.

Theorem 1 The following equality holds for all ui, g ∈ G, 1 ≤ i ≤ k:

(Shu1(Shu2(. . . Shukf)))(g) =

Z
G
dt1

Z
G
dt2 · · ·

Z
G
f(t1u1t

−1
1 t2u2t

−1
2 . . . tkukt

−1
k g) dtk

=

I
G
f(Πki=1tiuit

−1
i g)Πki=1 dti,

where I
G
=

Z
G

Z
G
· · ·
Z
G| {z }

k

.

Proof: First of all, it is clear that

(Shu1 [Shu2f ])(g) = (Shu1 [

Z
G
f(t2u2t

−1
2 g) dt2])(g)

=

Z
G

Z
G
f(t2u2t

−1
2 t1u1t

−1
1 g) dt2 dt1 =

Z
G

Z
G
f(t1u1t

−1
1 t2u2t

−1
2 g) dt1 dt2.

In the last equality we used the invariance of Haar measure. From this by using the
mathematical induction, the proof of the theorem is complete.

Lemma 1 For the matrix elements, the following equality holds:I
G
tαij(Π

k
i=1tiuit

−1
i g)Πki=1 dti =

χα(u1)χα(u2) . . . χα(uk)t
α
ij(g)

dkα
.

Proof: We have proved the following equality in [8]:Z
G
tαij(tut

−1g)dt =
χα(u)

dα
tαij(g), u ∈ G, g ∈ G.

Now, by using the mathematical induction the proof of the lemma is complete.

Corollary 1 If u1 = u2 = · · · = uk = u, thenI
G
tαij(Π

k
i=1tiut

−1
i g)Πki=1 dti =

·
χα(u)

dα

¸k
tαij(g).
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Corollary 2 The following equality holds for characters of the representation:I
G
χα(Π

k
i=1tiuit

−1
i g)Πki=1 dti =

χα(u1)χα(u2) · · ·χα(uk)
dkα

χα(g).

Corollary 3 I
G
χα(Π

k
i=1tiut

−1
i g)Πki=1dti =

·
χα(u)

dα

¸k
χα(g).

Putting k = 1 in Corollary 3, we obtain the known Weyl formula (see [5]):Z
G
χα(tut

−1g) dt =
χα(u)

dα
χα(g).

The following are simple facts with frequent usage (see [8]):
If f ∈ Lp, then

1) kShufkp ≤ kfkp.
2) kf − Shufkp −→ 0 as u −→ e.
3) (Yα(Shuf))(g) =

χα(u)
χα(e)

(Yαf)(g), ∀α ∈ Ĝ .
We note that χα(e) = dα.
It is not hard to see that the following analogous properties hold for f ∈ Lp.

10) k(Shu1(Shu2(. . . Shukf)))kp ≤ kfkp.
(The proof of this property follows from Theorem 1 ) .

20) kf − (Shu1(Shu2(. . . Shukf)))kp −→ 0 as τi −→ 0.
30) (Yα(Shu1(Shu2(. . . Shukf))))(g) =

χα(u1)χα(u2)...χα(uk)
dkα

(Yαf)(g),∀α ∈ Ĝ.

Theorem 2 If f ∈ L2 and f is not constant, then

En(f)2 ≤
r

dn
dn − 2kω

∗
k(f ;

1

n
)2 , n = 1, 2, . . .

Proof: Let f ∈ L2 and Sn(f, g) denote the n-th partial sum of Fourier series (2),
i.e.,

Sn(f, g) =
X
α<n

dαX
i,j=1

aαijt
α
ij(g) =

nX
p=0

dαpX
i,j=1

a
αp
ij t

αp
ij (g).

Using Parseval’s equality for the compact group G, we have

E2n(f)2 = kf − Sn(f)k22 =
X
α≥n

1

dα

dαX
i,j=1

|aαij |2.
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Using 30), it is not hard to see that

(Yα(4u1(4u2(. . .4ukf))))(g)

=

µ
1− χα(u1)

dα

¶µ
1− χα(u2)

dα

¶
· · ·
µ
1− χα(uk)

dα

¶
(Yαf)(g), α ∈ Ĝ.

Consequently,

(4u1(4u2(. . .4ukf)))(g)

=
X
α∈Ĝ

µ
1− χα(u1)

dα

¶µ
1− χα(u2)

dα

¶
· · ·
µ
1− χα(uk)

dα

¶ dαX
i,j=1

aαijt
α
ij(g).

By another application of Parseval’s equality we obtain

k(4u1(4u2(. . .4ukf)))(g)k22

=
X
α∈Ĝ

1

dα

dαX
i,j=1

µ
|1− χα(u1)

dα
||1− χα(u2)

dα
| · · · |1− χα(uk)

dα
|
¶2
|aαij |2

≥
X
α≥n

1

dα

dαX
i,j=1

µ
|1− χα(u1)

dα
||1− χα(u2)

dα
| . . . |1− χα(uk)

dα
|
¶2
|aαij |2

=
X
α≥n

1

dα

dαX
i,j=1

µ
1− 2Reχα(u1)

dα
+
|χα(u1)|2

dα
2

¶µ
1− 2Reχα(u2)

dα
+
|χα(u2)|2

dα
2

¶

· · ·
µ
1− 2Reχα(uk)

dα
+
|χα(uk)|2

dα
2

¶
|aαij |2.

Now using Bernoulli’s inequality

(1 + x1)(1 + x2) · · · (1 + xk) ≥ 1 + x1 + x2 + · · ·+ xk

for xi ≥ −1, i = 1, 2, . . . , k, and putting

xi =
|χα(ui)|2

dα
2 − 2Reχα(ui)

dα
, i = 1, 2, . . . , k,

we obtain

k(4u1(4u2(. . .4ukf)))(g)k22

≥
X
α≥n

1

dα

dαX
i,j=1

Ã
1 +

kX
l=1

µ |χα(ul)|2
dα
2 − 2Reχα(ul)

dα

¶!
|aαij |2

≥
X
α≥n

1

dα

dαX
i,j=1

Ã
1− 2

kX
l=1

Reχα(ul)

dα

!
|aαij |2 .
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Consequently,

k(4u1(4u2(. . .4ukf)))(g)k22

≥
X
α≥n

1

dα

dαX
i,j=1

|aαij |2 −
X
α≥n

1

dα

dαX
i,j=1

kX
l=1

2Reχα(ul)

dα
|aαij |2 ,

therefore,

E2n(f)2 ≤ k(4u1(4u2(. . .4ukf)))(g)k22

+ 2
X
α≥n

1

dα

dαX
i,j=1

kX
l=1

2Reχα(ul)

dα
|aαij |2 . (5)

By repeating the method of [8], it is not hard to see that

E2n(f)2 ≤ (ω∗k(f ;
1

n
)2)

2 +
2k

dn
E2n(f)2.

Finally, we obtain

En(f)2 ≤
r

dn
dn − 2kω

∗
k(f ;

1

n
)2,

which proves the theorem.

This theorem is given in [6] for the case k = 1.

Remark: The problem of modulus of smoothness of functions given on the
sphere has been studied by P. I. Lizorkin and S. M. Nikol’skii, Kh. P. Rustamov,
M. Wehrens [10] and G. A. Kalyabin [3].

We note that the question of the equivalence of modulus of smoothness (for
k > 1) remains open for 1 ≤ p ≤ ∞.
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