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Abstract: In this paper we consider the shift operator on Hilbert spaces and
by using this operator we define the modulus of continuity of fractional index,
including relation to the K-functional and we prove the fractional analog we
direct and inverse theorems of approximation theory.
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Let A: D(A) C H — H be a self-adjoint operator on a separable Hilbert space
H, which possesses a complete orthogonal system {wy,ws,...} of eigenvectors
with

Awy, = Apwy forallm=1,2,...,

where
O<c<|AM| <A < <A € =50, asn — oo

It is known that (for example see [6])
o0
A%f = Z)\%(f,wk>wk, a>0,
k=1

where f € D(AY) iff Y00 IANY(f, wi)]? < oo.
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Since {wy,} is complete,
o
f= Zf,wk wy forall fe H. (1)
k=1

Let H, =span{wi,wsy,...,w,} which is an n-dimensional subspace of a
real Hilbert space H and let S, (f) = >";_(f, wx)wg. It is well-known that for
f € H the element S, (f) is best approximation for f from H,, (Toepler’s Best
Approximation Theorem, see [5] or [3] p. 45, [1] p. 102) given by

Eo(f) = Em,(f)= inf |f=> cpwsll
k=1

C1,C2;..,Ck

N

=If = SNl = <\|f\l2—zai> = < > ai) ,
k=1

k=n+1

where a, = (f, wy).
Due to specific properties of Hilbert spaces we have the following theorem.

Theorem 1. For the element A®f € H(a > 0) the element A%S, (f) is
the best approximation for f from H,, such that

En(A%f) = [[A%f = A%Su ()]

(IIAafII wa) _ ( 5 m)

k=n+1

=

The proof of the case is similar to the proof of Toepler’s Theorem (see [5])
and will not be repeated here.

Corollary 2. Let wy,ws,...,w, € H, and f € D(A®), Then

n

Do AR < [|AYf)P

k=1

Best approximations in Hilbert spaces for operator A“ can be obtained
easily, i.e. the best approximation A“S, of A“f from H, is given by the
formula

A%Sy = XS wiwn
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Note. The best Lo-approximation of functions is a part of the general
theory of best approximation in Hilbert spaces.

It is known that if f € Lo has Fourier series representation such as f =
‘12—0 + Z?’Zl ay, cos kx + b sin kx then s, is the best approximation to f and s/,
is the best approximation to f’ € Ly. But this is not true for Fourier Legendre
series in Lo.

Theorem 3. Let f € D(A?%), then the inequality E,(f) < %\ffiﬁ) holds.
Indeed, by Theorem 1,

B, (A%f) = ( > ama>

k=n-+1

SIS

1
[e’e] 2
> (ml 5 ) LB,

k=n+1

From this the theorem is proved.

Corollary 4. If f € D(A®), then E,(f) < U\A‘*fll

| n+1|a'

This inequality follows from properties E,,(f) < || f]|.
Theorem 5. If0 < a < 3, then |A%f|| < ||£|' 5|l A5 f|%.

The proof is the same as Theorem 1 in [2] (Landau inequality for derivative).
From this and by Theorem 1, we have the following corollary.

Corollary 6. If0 < a < 3, then E,(A°f) < [E,(f)]'"5 [E.(A%f)]5.
Using Theorem 3, and the above inequality we get

Corollary 7. If0 < «a < (3, then E,(A%f) < En(APf)

= App1[Pe
Corollary 8. Let the polynomial P,(f) be the best approximation for
fe H, thenVa > 0 Ep(f) < 320 14 Pt I

v=0 |>\2'”un+l|a :

Proof. By Corollary 4 we have

[ Pon (f) = Pu(Pon ()|l <
On the other hand

1P2n (f) = Bu(Pon ()| = | (f = Pa(Pan(f))) = (f = Pon(f)) |l
2 1f = Pa(Pan (N = I1f = Pon (]

Since the polynomial P, (P, (f)) is the best approximation of order n, then
I f = Pa—1(Pon-1(f))|| = En(f) because

0 < En(f) — E2n(f) <

|4 Pon (£
‘)‘n+1|a

| A% Por (f)|
|)‘n+1‘a
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In this relation instead of n we write 2/n and we consider > 7 {FEov,
Eyv+1,} = En(f) then we have Corollary 8. O

Theorem 9. Let f € D(A%), a > 0, then

Ea(f) < st K (A“f; ! > ,

|/\n+1|

where Ko(f;t) = infgepiaay{llf — gl +t*[|A%ll}

Proof. En(f) < En(f—9)+En(g) < [|If —gll+ En(g). Let g € D(A®), then
by Corollary 4

En(A%)
‘)‘n+1|a

(A%
= En(f) < ejljmﬁm {||f gl + i\( ﬂ)} (f’ \)\n+1|>
B(arg) _ Ko (47F: i)

‘)‘nJrl‘a B |/\n+1|a

—Q (03 ]'

En(f) <|If —9ll +

Lemma 10. (Inequality of Bernstein’s Type) Let P,(f) = > p_; crwy,
then [[A% Py || < AZ[[Pnl|-

1
Proof. Indeed [|P,(f)l| = (S ¢f)* and A*Py(f) = Sj_; cxAfwp. Then

1A Pa(H)II? = ZCMM < NP = AP ()] < AP O
k=1

Let the function ¥(h), 0 < h < hy (k = 0,1,2,...) satisfies the following
condition:

J number m; > 0, mo < 0 and constant ¢; > 0, ¢ > 0, such that

1= r(h)] < er(kh)™ . (2)
all the k, and h; and also
11— g(h)| = ca(kh)™  as 0 < kh < po, (3)

from (2) and (3) we have 1y(h) = 1, also limy,_,g ¢ (h) = 1.
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Now we introduce in H a family of bounded linear operator {1} } defined
as follows

Inf = fh—ZW )(fs wi)wy, - (4)
k=1

From this definition we have:
(W) N Tufll <111, 0 < h < ho.
@) f =Tufll = 0, h— 0.
(3) A(Thf) = Th(Af).

Now we define the modulus of continuity of fractional index: Let

(E—T,)" :i ( )Th) (r > 0)

=0
then

R =) (0= () (fwe)we = > (1= 9r(R)"(f; wr)wp.
k=0 k=1
Definition. w,(f;7) := sup {||A} f||: 0 <h < 7}, then w,(f,7) is called

the modulus of continuity of fractional index.

Lemma 11. Let the function ¢y (h) satisfies the condition (2), then

{2§jla3<f>}2 < Cla)w, (figr) -

2o
rvr=n

Bo T

Proof. From (1) and (4) we have

where o > max (1, 2“TO> Cla) = <z_a)rm2 o

f Z wk f7 Wk)Wk 5

and by virtue of Parseval’s equality

IALFI* = Z|1_¢k )7 ai (f). ()

From this and (3)
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2n—2 2n—1
— o —1\2rma o \Zm2 g
> ai(f) < Qapgh) ™= Y (k=) ak(f)
k=n k=n

2n—1

< Qapg )™ CET N L= 1y (;;—(;1) *ai(f)
k=n
< C@|AT fI? < CY(a)wr(f 55)

Thus the proof is complete. ]

Theorem 12. Under the condition in Lemma 11 the inequality
EX(f) < W2(fH
A £20(0) 3 —wl(f, )
m=n+1

is true.
Proof. Indeed,

2k+1p_q

2, < %)Y WAfy ),

2k+1na

Y ak ()=
k=0

a
m=n m=2kn

from this and by virtue of Toepler’s Theorem we have

E2 < 2
C2( ;w ka (6)

Since, by virtue of properties w,(f, ), for any k > 1

[ 2Fn 1 [
2 0 2 0
< il =
2(f, 5 < —u2(f, L0
m=2k—1n+1
Thus
- 2 Ho — 1 2 Ho
Zwr(fu ana) <2 Z EWT(‘ﬂM). (7)
k=1 m=n+1
From (6) and (7) we have Theorem 12. O

The following theorem is analogous to lemma of S.B. Stechkin in ([4],
Lemma 1).
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Theorem 13. Let the function {{y(n)} is satisfies the condition (2) then
forrZﬁandh<T*1 (0<7<1)

n

Wi(f,m) < ean™2Y KT EL(f),

k=1

where c3 = 2rmycy’ + 2T,

Proof. From (5) and the condition [¢x(n)| < 1 and (1) we have for all n
and h >0

[ee]
IALFIE < R S B + 2 Y ).
k=1 k=n+1

If n < %, then 2271 < n =21 From this and by Toepler’s Theorem for
%. We have

n <

w2(f,7) < ' 2rmlzkrm1 () + 27 Epia(f). (8)

Now by Toepler’s Theorem we get

Z erml 2 Z erml E2 El%—l—l(f)]

n

< S (= 1B < 2y Y RLERS) L (9

k=1 k=1
Also .
B2y (f) < 222 S R () (10)
k=1
From (8), (9) and (10) we have the theorem. O

Finally, we note that under some additional conditions all the theorems can
be proved in a normed space.
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