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Abstract

In the article, spectrum of operator generated by differential oper-
ator expression given on semi axis is investigated and proved formula

for regularized trace of this operator.



Introduction

Let H be a separable Hilbert space with a scalar product (.,.) and norm ||.||.

Consider in Ly((0,00) , H) the problem
Iyl = —y"(z) + zy(z) + Ay(z) + q(2)y(z) = Ay () (1)

y’(O) =0, (2>

where A is a self-adjoint positive-definite operator in H which has a com-
pact inverse operator and A > E (E is an identity operator in H). Denote
the eigenvalues and eigenvectors of the operator A by 71 < v < ..., and
©1, P2, - . ., respectively.

Suppose that operator-valued function q(x) is weakly measurable, ||g(z)||
is bounded on [0,00), ¢*(z) = q(z)Vz € [0,00). The following properties

hold:

(1) >, fooo |(q(z)pk, or)| dz < const, Va € [0, 00).

((q()¢r, or) = qu(x)) is summable on (0, 00), [~ qk:(f)dx =0 for

(2) &2

Vk =1, .

(3) f6Qk(w)dx<oo, >0, Vk=1,00.
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In the case ¢(z) = 0 in Ly(H, (0,00)) associate with problems (1), (2) a

self-adjoint operator Ly whose domain is
D(LO) = {y(l’) € L2(H7 <07 OO)/l[y] € LZ(H7 (07 00)7y/(0) = O} .

In the case g(z) # 0 denote the corresponding operator by L, so L =
Lo +q.

In this article the asymptotics of eigenvalues and the trace formula of
operator L will be studied.

In [1] the regularized traces of all orders of the operator generated by the

expression

Amo =1, ky, < k,_1 <--- <k <2n

are obtained.

In [2] the sum of eigenvalue differences of two singular Sturm-Liouville
operators is studied.

The asymptotics of eigenvalues and trace formulas for operators generated
by differential expressions with operator coefficients are studied, for example,
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in [3-7]. We could also refer to papers [8-10] where trace formulas for ab-
stract operators are obtained. Trace formulas are used for evaluation of first
eigenvalues, they have application to inverse problems, index theory of oper-

ators and so forth. For further detailed discussions of the subject refer to [11].

1 The asymptotic formula for eigenvalues of

Lo and L

One could easily show that under conditions A > E, A~! € o, the spectrum
of Ly is discrete.

Suppose that v~ ak®(k — 0o,a > 0, > 0). Denote yi(z) = (y(z), vr).
Then by virtue of the spectral expansion of the self-adjoint operator A we

get the following boundary-value problem for the coefficients yy(z):
—e(@) + 2y (@) + e (@) = Aye(@), (1.1)

yi(0) = 0. (1.2)

In the case x + ;>\ solution of problem (1.1) from L4(0, c0) is

} (13)

[SI[3%)

o) = VAR, {3 o=
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and in the case x + 7,< A we can write it as a function of real argument as
Uz, A) =

:¢T?%TE{@(§u—ywﬂm%4ni

Wl

(; (A — 7% — x)3> } . (1.4)

For this solution to satisfy (1.2) it is necessary and sufficient to hold

Zo-w{n (Fo-w-a?)+ )=o)

at least for one (A # 7x). Therefore, the spectrum of the operator L

Nl
N

(G0-m-

W=

consists of those real values of \ # ~, such that at least for one k
2 2
2 [Jg <523) —J2 <§z3)] =0, (1.6)

Prove the following two lemmas which we will need further.

where z = VA — Y.

Lemma 1.1. Equation (1.6) has only real roots.
Proof. Suppose that z =1, € R, # 0. Then the operator associated

with problem
—yi (@) + 2yp() = Pyi(@) (1.7)
y,(0) =0 (1.8)
is positive and its eigenvalues are squares of the roots of Equation (1.6). So,

Cﬁﬁ@wm@>+@%@xwm»za
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But
(2%yn(@), yr(2)) = —®(ye(@), yu(x)) < 0
which is contradiction. Then z can be only real, otherwise, the selfadjoint
operator corresponding to (1.7), (1.8) will have nonreal eigenvalues, which is
impossible. The lemma is proved.
Now, find the asymptotics of the solutions of Equation (1.6). By virtue

of the asymptotics for large |z| [12, p. 975]

we get

sin (§z3 - %) (1 +0 (é)) = 0. (1.9)

3m™m 3w 1 3m™m 3 1
=1 gol=)=(Z=) +0(—=— 1.1
® 2 8 <m> ( 2 ) (m§>’ (1.10)

where m is a large integer. Therefore, the statement of the following lemma

Hence

is true.

Lemma 1.2. For the eigenvalues of Lg the following asymptotic is true

1 1
Ak =Yk + Q2 Q= cm3 +0 <—2> . (1.11)
ms3



For large |z| consider the rectangular contour [ with vertices at the points

/37N 9w
— +

+iB, Ay +iB, Ay = 5 3
which bypasses the origin along the small semicircle on the right side of the
imaginary axis.

The following lemma is true.

Lemma 1.3. For a sufficiently large integer N the number of the roots

of the equation inside | is N + O(1).

Proof. For large |z| we have

) () AE ()
w2 (o)
=z % (sin (§z3 - %) +0 (%)) . (1.12)

Denote the function in braces on the right hand side of (1.12) by F(z).

Then for large |z| by Rouches’ theorem the number of the zeros of F'(z) inside
2
the contour equals the number of the zeros sin (523 — %) Therefore, the

number of the zeros of function

21 (3) -4 (32)]

inside [ is N + O(1).



Now, by using the above results , derive the asymptotic formula for the

eigenvalue distribution of L.

Denote the distribution function of Ly by N(\). Then

NY= Y 1
A

m,k<>\

So, N(A) is a number of positive integer pairs (m,k) for which
Y+ a2 <.
By Lemma 1.2 for the great values of m
(c—&t)m% <a? < (c—l—s)m%.
From the asymptotics of v, we have
(@ —e)k* <y < (a+e)k”.
Hence, by virtue of Lemmas 1.1 and 1.3
N"(A) +0(1) < N(A) < N'(\) + O(1),
where N”(\) is the number of the positive integer pairs for which

(a+e)k®+ (c+e)mi < A,

(1.13)

(1.14)



N’()\) is the number of the positive integer pairs (m, k) satisfying the in-
equality

(c—e)mi+ (a—e) k* < Al (1.15)

Thus by using (1.14), (1.15) in (1.13) as in [13, Lemma 2] we come to the

following statement.

Lemma 1.4. If v, ~ ak®, (0 <a, a>0) then
Ap ™~y ~ dn?

where

02 (1.16)




2 Trace formula

The following lemma is true.
2
Lemma 2.1. Let the conditions of Lemma 1.4 hold. Then for a > 3

there exists such a subsequence {n,,} of natural numbers that the relation

@

<k%—n%>, k=N, Ny +1,...

N

M — fny, =

holds.

2 n
Proof. In virtue of Lemma 1.4 for a > 3 lim,, M_a = d, from which

nz

it follows that

I ( d a)
m | gy, — =n2 | = oo.
n—oo 2

for each k£ > n,, holds u — gkg >, — gn;;n, or [ — fhn,, > g (k;% — nfn)
The lemma is proved.

We will call lim, oo Y 0™, (An — o) a regularized trace of the operator
L. Tt will be shown later it is independent of the choice of {n,,} satisfying
the hypothesis of Lemma 2.1.

From (1.16) it is obvious that for @ > 2 resolvents R(Lg) and R(L) are

trace class operators. By using Lemma 2.1 for & > 2 one can prove the

following lemma.
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Lemma 2.2. Let ||g(x)|| < const on the interval [0,00) and also the

conditions of Lemma 1.6 hold. Then for a > 2

Nm,

n%liréoz (/\” — Hn — (qwn7¢n)> - 07 (21)

n=1

where {1, } are orthonormal eigenvectors of the operator Ly.
The proof of this lemma is analogous to the proof of Lemma 2 and The-
orem 2 from [8]. For this reason we will not derive it here.

The orthogonal eigen-vectors of the operator Ly in Lo((0,00), H) are

wm,k - Cm,k¢(x7 a?n)gok (22>

Calculate their norm. We have

Il = 2 ¢ / Wz, o2,)?d. (2.3)
0

Take in Equation (1.7) 22 = % and 2? = (32. The solutions corresponding
to these values denote by ¥ (z,a?) and 9 (z,3%). Multiplying the first of
the obtained equations by ¢ (z, 3?), the second by 1 (x, &%), subtracting the

second one from the first one and integrating from zero to infinity we get

062—52

7¢ (2,02) (2, B2) da = Y (0,0%) 9 (0,5%) =4 (0,0%) 9 (0,5 _




052—52

Going to limit as a — (3, we get

(1 ()24 (3)) (1 () o2 ()
() () - ().
(1) () (1))

By making use of identities (12, p.981)
20 (2) +vd,(2) = 2J,-1(2) (2.4)

20 (2) —vd,(2) = —2J,41(2), (2.5)

) o Ve )] oo

Finally by equation

we have



we get

72 2 2 2
me,kH2 = C?Tb,kgafn (J§ (ga?’) + J_% (§a3)> ) (2.7)

So, the orthonormal eigenvectors of L, are

V3Y (2,07,
nad, (13 (3a3) + 72 (2a3))

Ymk = O (2.8)

Lemma 2.3. If the operator-valued function q(x) has property 1 and

2
> —. th
a> g, then

Proof. Take (q(z)¢k,pr) = qr(z). Let ¢ > 0 be sufficiently small
number. If z € (0,02, —af,)) then z = o2, —x € (a?,a:,). For z €
(a2, — a5, a2, + as,) we have z € (—a5,,0] U (0,a5,) and, finally, for = €

(a2 + af,, +00) it will be 2z € (=00, —aZ,).

Consequently for z € (a?,,a5,) we have

3
2 b 9 2 o—iV73
2\ _ /3 (2.2 — (2.2 — -
¥ (z,07,) = Va2 x<J3 (Bam :1:) +J (3am x) ) o

and for z € (—o0, —a3))

[MJ[eV)
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then
[ (eaz)dn ~ | [ <
0 2
af, 70[%6,2\/7723
+/Qk(0672n—2)1p2(z)d2+/ = qk(oz?n—z)dz <
a2, —o0
< [la@liz+ [ a9 @i+ [la@lde @)
0 as, 0
For ¢ — 0 we have
iy [ oo 2) 2 2] =
1
(2.11)

-1

~ [la(e2 - 2) v @ dz < [[lan ()] ds < o

“1
From asymptotic a,, ~ ¢m3 by using (2.10), (2.11) and property 1 we

get
iii]o a () ¥ (z,02)" dx _
— T 4 2 3 2 3 2
k=tm=L 5 | O (Jg (Fom) + -3 (Ge ))
<Z/|qk(x)\da:2—4<oo
k=17 m=1 "3

The lemma is proved.
By using Lemma 2.3 prove the following theorem.
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Theorem 2.1. Let the conditions of Lemma 1.6 hold. If the operator-

valued function q (x) has properties 1-3, then it holds the formula

Nm o0 o] o0 2 2
fim S ) =307 [ 2o AT o
n=1 k=1m=1p = b (J% (2a3,) + J1 (%a%))
Denote
N 2
3 a2
TN('CC):Z_Q ;an ) 5
m=1 " ot <J§ (ga%) J_% (g&%))

Show that for each fixed value of k the m-th term of the sum Ty (z) is a
residue at the point «,, of some function of complex variable which has poles

at points a,, (m = 1,_N)

For this purpose consider the following function

g(2) = %2 (2 — 2)’ <J% <§ (=% - $>§> +J4 <§ («* - x)§)> +

J2 <<§ (2% — a?)%> —J_2 (% (2* _2:)3)3))2 ' (2.13)
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By taking in place of zero x in (2.6) one can show that

7¢ (t,22)" dt = %2 (2 —z)° [(J; <§ (#2 - x)g) +J1 (; (* - x)g))z "
n (Jg (g (22— x)3> ey (g (22— x)3>)2] 2w

2 2
Note that all zeros of the function J: (523) —J_: (523) are simple,

otherwise

2 2 1 2 2
_ 2 3 3 3 3 —
=2t (7 (500) < (5e) - (0 (53 =7 (54))) -
2 2
= 2047271 (J—é (g@i) + J% (ga?n)) =

and by virtue of (2.7) the norm of the eigenvectors equals zero, which is

contradiction.

Denote 22 —x = f(z,2) and the right hand side of (2.14) by G(f(z, 2).

Then
Gl = —G}, G = 2:G = —2:G.,. (2.15)

Then from (2.14), (2.15)
G, =1 (z, 22)2, G, =221 (, z2)2. (2.16)

The function g(z) has poles of second order at the points a,,. By using
identities (2.15), (2.16) show that residues at this points equal the terms of
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2 2
sum T (z). Denoting J2 (§z3) —J_2 (523) = u(z), write Taylor expan-

sion of this function in the vicinity ayy,:

(Z_am)Q "

u? (2) = (2 — am)2 u’ (am)2 + (2 — am)g u' () u” () + - -

Show that the coefficient of the expansion of function zu? (2) at (z — ay,)°
equals zero. So,

2% (2) = (2 — am) + o) U2 (2) = aptt (am)? (2 — o) +

' () (mtt” () 4 ' () (2 — a)® + - - (2.17)

2
By denoting §z3 = w(z) we have

/
U (am) = 202, (J% (w(2)) ~ J_2 (w (z))) - (2.18)
w=3a3,
"
() = e, (T3 (W) = T3 (=), +
w=za3,
o, (J (w(z)) — J_2 (w(z))) o (2.19)
w=3a3,
Therefore,
amtt” () + U () = 202, (2a8,ul, + 3u;})w_2a3 . (2.20)
~2a3,
. . Ld%y
On the other hand, J%(z) and J_: (z) satisfy the Bessel equation z 2 +

d 4
zd—y +(22—v?)y = 0 for 2 = 9 So their difference also satisfies this equation
z
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ull w? + wul, = (V¥ — w?)u. (2.21)
2 . : . .
If w= 3%m> then the right hand side (2.21) vanishes. Hence,

" ) 5 2 3 3 ’
Uy, W + Wy, = g%m [2amuw:%a§n +3u,

3
w=3ay,

0 (2.22)

which shows that the coefficient at (z — ay,)” in (2.17) vanishes.

Consequently, by (2.16), (2.17), (2.22) and the relation

N
-
/I\
N
w
~
|
IK'
wln
VR
[GUIN )
N
w
~
S~
N -~
|
Q
3
I

we have

G (f(z 7))

Gt ()2 (2 — 0 )* + o (2 — ) - ]

res g(z) = lim [(z — o) —

Z=am Z—Qm,

. GL(f(z,7)) 20,1 (02, )
= lim 5 = .
S (o) g, (7, (o) + 1y (3)

Take as a contour of integration a rectangular contour C' with vertices at
the points Ay, Ay + +iB, which bypasses points «,, above real axis, -

«,, below it.
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Consider the right hand side of the contour with vertices at Ay and

An + iB. By using the asymptotics

Ji(2) +J 1 (2) ~ e ",

/
CACERAE) i
J2(2) = J 2 (2) = o t () I ()~ e
3
V2 — T~ %%
For x > 0, N — oo taking B = Ay, z = u + iv we have
9] A
NA3 €3A?\,va3f%:m)d e —
ar () N gy dvdr =
0 0
w SrAN 2A3
_ / a (@) | AL N g (2.23)
0
From condition 2
/ 4 (@) 3 40 — (2.24)
x
0
By conditions 2-3 as N — oo
/ % (@) Ad e 2Ny =
x
0
:/ i (7) Ay dx <
X gﬂ') 5L *
0 z 1+§Q3A _|_(2 ;N) +<2 ;"N) +(2 SN) +
< / 0 (v) e = 2 / @) 0 o, (2.25)
v | (3ean) An fv5
0 0
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On the side of the contour with the vertices at £Ay + B

[e's) An+iB 0 AN
/qk (x) / g (z)dzdx. ~ /qk (x) / e_%xANAi,duda: =
0 —ANn+iB 0 —ANn
t
= /2qk (x) A?‘Ve’%xANdx < 2 / a (I)d:c — 00. (2.26)
AN LL’5
0 0

In the same way as it is done in (2.25), (2.26) we get that

A}im qx () / g (2)dzdx = 0.
0 —AN+iB

Similarly, one may show that the integral along the left hand side of the

contour converges to zero:

[e.e]

lim [ g (z) | g(2)dzdx = 0.
/

N—o0
0

So, by the Cauchy theorem we finally get

which completes the proof of the theorem.
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